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A B S T R A C T

Unmanned aerial vehicle (UAV)-based commercial services, exemplified by drone delivery, have
captured wide interest in tech companies, entrepreneurs, and policymakers. Structured route-
based UAV operations have been implemented for traffic management of UAVs in support of
commercial delivery services in cities. Yet, its essence, multi-path planning with constraints is
not well solved in the existing literature. Centralized planning might result in inefficiencies and
unfairness in the allocation of precious urban airspace to individual routes. This paper describes
a novel distributed route planning method to support UAV operations in a high-density urban
environment. The method allows each origin–destination (OD) pair to compete against other OD
pairs for an optimized route (e.g. shortest distance), coordinated by a system-level evaluation,
leading to a network design that maximizes the performance of not only the individual routes
but also the entire system. The core concept is the introduction of congestion pricing, a soft
constraint to coordinate the allocation of airspace. The method is tested in standard 2D scenarios
and compared with other state-of-the-art methods. The results show that (1) the method is able
to generate routes with short individual distances as well as occupying the least airspace by the
route network; (2) in some complex scenarios, the method is able to find a solution in a short
period of time while other state-of-the-art method fails. The method has also been applied to
a real urban environment (Mong Kok in Hong Kong) to demonstrate its capability.

1. Introduction

Unmanned aerial vehicle (UAV)-based commercial services, exemplified by drone delivery, is a rapidly emerging industry. The
number of commercial drone deliveries has increased from 34,000 in 2019 to 482,000 in 2021 and is estimated to reach 1.4
million by the end of 2022 (Sarina et al., 2022), not including the test flights to develop and prove the technology. However,
efficient and safe management of the large volumes of drones operating in dense urban environments is a key challenge. There are
several national-level R&D programs that are exploring different concepts of operations, data exchange requirements, and supporting
frameworks to enable drone operations at scales, such as NASA/FAA unmanned aircraft system traffic management (UTM) (NASA,
2021), SESAR U-space (SESAR, 2019), Singapore uTM-UAS (Mohamed Salleh et al., 2018), and J-UTM (Ushijima, 2017). In these
programs, a range of concepts of operations (ConOps) for traffic and airspace management have been theorized (Bauranov and

∗ Corresponding author at: School of Data Science, City University of Hong Kong, Hong Kong Special Administrative Region.
E-mail addresses: x.y.he@my.cityu.edu.hk (X. He), lishuai.li@cityu.edu.hk (L. Li), yanfang.mo@cityu.edu.hk (Y. Mo), jxhuang@hku.hk (J. Huang),

joeqin@ln.edu.hk (S.J. Qin).
vailable online 27 February 2024
968-090X/© 2024 Elsevier Ltd. All rights reserved.

https://doi.org/10.1016/j.trc.2024.104536
Received 25 February 2023; Received in revised form 6 January 2024; Accepted 18 February 2024

https://www.elsevier.com/locate/trc
https://www.elsevier.com/locate/trc
mailto:x.y.he@my.cityu.edu.hk
mailto:lishuai.li@cityu.edu.hk
mailto:yanfang.mo@cityu.edu.hk
mailto:jxhuang@hku.hk
mailto:joeqin@ln.edu.hk
https://doi.org/10.1016/j.trc.2024.104536
http://crossmark.crossref.org/dialog/?doi=10.1016/j.trc.2024.104536&domain=pdf
https://doi.org/10.1016/j.trc.2024.104536


Transportation Research Part C 160 (2024) 104536X. He et al.
Fig. 1. UTM ConOps: temporal separation vs. spatial separation (NASA, 2021).

Fig. 2. Drone delivery services operated by Meituan in Shenzhen (Yang, 2023).

Rakas, 2021; NASA, 2021; SESAR, 2021), which can be broadly categorized into two groups based on whether they require airspace
structure or not. Free-flight-based operations do not require any airspace structure. Each UAV flies its desired route and relies on
real-time conflict detection and avoidance (Hoekstra et al., 2002; Yang and Wei, 2018). Structure-based operations use airspace
structures such as layers, zones, and tubes to organize traffic flows to reduce potential conflicts. These structures reduce airspace
complexity and management workload (EUROCONTROL, 2018; Jang et al., 2017; Krozel et al., 2001; Sunil et al., 2015). Additional
benefits come from the capability of addressing safety, security, noise, and privacy issues related to UAV operations by designing
appropriate airspace structures (EUROCONTROL, 2018). Structured route networks could use either temporal or spatial separation
for traffic management, as shown in Fig. 1. Our study focuses on the spatially separated route network planning problem.

Structured route-based UAV operations, also referred to as tube-based operations, have been deployed to offer commercial
drone delivery services in cities in China, such as Shenzhen and Hangzhou. MIT technology review reports the implementation
and operation of drone delivery services (Fig. 2) by Meituan, a Chinese food delivery platform, in the city of Shenzhen (Yang,
2023). The company has been developing drone delivery since 2017, and for the past year and a half, it has been operating
such delivery routes regularly in Shenzhen, a city known for its mature drone supply chain. The drones deliver to pickup kiosks
close to residential or office buildings, rather than delivering directly to consumers’ doorsteps. This model enables drones to fly
predetermined routes between launchpads and kiosks, simplifying navigation in dense urban areas. Meituan made over 100,000
drone deliveries in Shenzhen in 2022, despite some impediments such as distance limits and operating hours.

An illustration of this structured route network is shown in Fig. 3. In a route network, there are multiple vertiports that drones
will travel in-between. Air routes are unidirectional paths designed to connect these vertiports, more specifically, connecting the
approach/departure fixes of these vertiports. The air routes are pre-defined to be conflict-free. Drones fly sequentially along an
air route (inside the path) and maintain minimum inter-drone spacing (the spacing requirement between a preceding drone and
a following drone). The tube around the air route is referred to as ‘‘the path’’ in this paper, and its width and height are set to
guarantee the separation of drones in different paths. In addition, a ‘‘buffer zone’’ is added around the path to serve as an extra
safety margin. The detailed definition and description of an air route network and its components can be found in He et al. (2022).

Currently, no existing method can directly address the challenge of air route network planning. Most existing research in Multi-
Agent Path Finding (MAPF) has primarily focused on task-oriented or in-flight path planning within the context of drone delivery
operations. However, there is a gap in the literature regarding infrastructure-oriented or pre-flight path planning for the design of air
route networks, specifically for drone delivery applications in densely populated urban areas. The main challenge lies in achieving
a balance between optimizing individual paths and optimizing the system or infrastructure as a whole. Single-path planning, which
aims to minimize factors like path length, energy consumption, and ground impact for a given origin–destination pair, has been
extensively studied. However, when multiple paths utilize the same airspace, conflicts and interdependencies arise, necessitating
2
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Fig. 3. Illustration for the structured route network.

system-level optimization. When paths are optimized individually, the allocation of scarce urban airspace is not optimized, which
can lead to air traffic conflicts and congestion, potentially causing system failure. Centralized planning can achieve system-level
optimization, but it may also result in inefficiencies and inequities in the allocation of valuable urban airspace to individual paths.

To address this challenge, we propose a distributed route network planning method tailored for drone delivery services in densely
populated urban areas. This method incorporates the use of pickup kiosks located near residential or office buildings. It employs
congestion pricing as a soft constraint, proactively mitigating traffic conflicts and coordinating airspace allocation among different
routes based on system-level information. Our method adopts a distributed planning approach in which each origin–destination
(OD) pair competes for an optimized route (e.g., shortest distance) following system-level coordination. This aims to maximize
the performance of both individual paths and the entire system. Our approach fills a gap in current research, concentrating on
infrastructure-oriented or pre-flight path planning for air route network design, and balancing the trade-off between optimizing
individual paths and the system/infrastructure as a whole. This innovative focus could provide pivotal insights for future drone
delivery services in urban environments.

The reminder of this paper is structured as follows. An overview of the related academic literature is provided in Section 2. The
mathematical problem statement is provided in Section 3. The proposed multi-path planning technique is described in Section 4,
and its theoretical properties are discussed in Section 5. In Section 6, the proposed method is tested in toy examples, standard 2D
scenarios, and real-world scenarios. Finally, Section 7 concludes the paper and discusses the prospects of further work on this topic.

2. Related work

There are several types of research problems associated with drone delivery operations that have been studied in the literature,
yet not all are directly related to the traffic management and route network planning problem in this paper. For example, several
papers on UAV delivery investigated the vehicle routing problem (VRP), which is unrelated to traffic management and route network
planning, though similar by name. The vehicle routing problem involves the coordination and allocation of drones (and sometimes
trucks) to deliver small parcels from repositories to geographically distributed customers (Murray and Chu, 2015; Murray and Raj,
2020; Sacramento et al., 2019; Schermer et al., 2019). In this type of study, routes between vertiports, repositories, or customers are
abstracted as a link between nodes on a graph. The detailed operations of UAV flight trajectories are not considered. Another group
of studies works on the drone traffic management problem. They take temporal separations to resolve traffic conflicts among UAVs,
which normally involves detecting conflicts and delaying UAVs accordingly (Zhao et al., 2018; Wu et al., 2021; Tan et al., 2019;
Yang and Wei, 2021; Tang et al., 2021). The temporal solution is a tactical approach for traffic management, which is different
from this study’s focus — strategic planning of spatially separated air routes.

This study is about planning structured routes for drone operations, more specifically, designing multiple conflict-free paths with
certain optimization objectives. Therefore, we provide a literature review focused on Multi-Agent Path Finding (MAPF) methods,
summarized into two groups: centralized methods and distributed methods, highlighting the state-of-the-art methods in each group
and why they cannot be directly applied to solve the problem of air route network planning in this paper.

2.1. Centralized multi-agent path finding methods

A centralized approach is the most commonly used one for multi-agent path-finding problems, in which feasible routes are
found by a single computation entity (Felner et al., 2017). It minimizes the summation of individual path costs and avoids conflicts
among paths, yet the summation of individual path costs limits the consideration of self-interested agents as well as system-level
non-additive costs, or joint-path costs, such as airspace utilization. In the centralized approach, optimal algorithms directly search
the entire state space to find the best solutions, while suboptimal algorithms use heuristics to find a solution, such as priority-based
searches and rule-based planning. However, either can be directly applied to solve the problem in this paper. The optimal algorithms
can find an optimal solution or a feasible solution with better optimality, but they cannot scale well for real-world implementation
3
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when the search space or the number of routes to plan is large. On the other hand, the suboptimal algorithms can quickly find a
feasible solution in large scenarios; however, the generated paths may be far from being optimal, and they may fail to find paths
when the solution space is small.

In the optimal algorithms, the state spaces are either agent-based or conflict-based. In the agent-based state space, each state
includes the locations of 𝑘 agents at a particular time as a vector; a state is valid if its contained locations are different. For each
state of 𝑘 agents, there can be 4𝑘 neighbors for the state if each agent can take actions along four dimensions (forward/backward,
left/right, up/down, wait). For a state with 10 agents, there are 410(≈106) neighbors. Thus, searching the entire state space is
computationally infeasible. Some techniques have been developed for exponential speed-up, such as independent detection and
avoiding surplus nodes. Independence detection divides routes into independent groups and solves these groups separately (Standley,
2010; Wagner and Choset, 2015), two groups are independent only if there is no inter-conflict between their optimal solutions.
Surplus nodes are the generated nodes that will never be expanded to find an optimal solution (Standley, 2010; Felner et al., 2012;
Goldenberg et al., 2014). After implementing the exponential speedup techniques, the methods can find solutions for real-world
scenarios; however, the solution quality degrades rapidly, and the computational time increases rapidly as the number of routes
increases. The conflict-based state space is a constraint tree. Each node includes a set of constraints, a solution for all routes, and
he cost of the solution. Each constraint includes the location and time of a conflict and the route that can solve the conflict. The
olution of a node satisfies the node constraints. The tree progressively extends from the root node to the leaf node. The root node
oes not consider any conflicts and has an empty set of constraints and its solution is a set of individual optimal paths. A child node
nherits the constraints of the parent node and adds a new constraint from existing conflicts. In each leaf, all the conflicts among the
outes are solved such that the paths are conflict-free. Conflict-based search (CBS) (Sharon et al., 2015) is a state-of-the-art method
hat searches over such a constraint tree at two levels. The high-level search starts from the root node and ends at the leaf node
hich has the minimum cost. The branch-and-bound method is applied to prune the tree to speed up the process. A low-level search

s invoked to find paths for each node that satisfy their constraints. Its variants (Barer et al., 2014; Cohen et al., 2019, 2016) relax
ome assumptions and conditions in CBS to speed up the search process at the cost of optimality.

There are also reduction-based methods for multi-path finding problems under the optimal algorithms group, such as transform-
ing the MAPF problem into integer programming with constraints (Surynek, 2012; Yu and LaValle, 2016), and then solving it with
high-performance solvers. The reduction-based methods can find feasible solutions with guaranteed optimality; however, they are
very slow to find solutions for large complex 3D urban environments.

Another group of algorithms under the centralized approach uses suboptimal techniques, mostly heuristics to find a solution, such
as priority-based searches and rule-based planning. These heuristic methods can quickly find a feasible solution in large scenarios;
however, they may fail to find paths, and the generated paths may be far from optimal. In priority-based methods, routes are
planned and sorted sequentially according to pre-defined orders, or priorities. Low-priority routes detour if the airspace is occupied
by high-priority routes. Priorities have a significant impact on the performance of planned routes (Warren, 1990) and should be
carefully determined. Hierarchical cooperative A* (HCA*) (Silver, 2005) is a typical priority-based method. It uses an arbitrary order
to plan one route for one agent at a time and stores it into a reservation table. The planned paths are impassable for later agents.
In contrast, windowed HCA* (WHCA*) (Silver, 2005) employs plan-move cycles to generate routes dynamically. In each cycle, the
planning phase uses an arbitrary order to plan each path but only reserves the next W steps; then, the moving phase moves each
agent on the reserved paths by K (𝐾 ≤ 𝑊 ) steps. Conflict-oriented WHCA* (CO-WHCA*) (Bnaya and Felner, 2014) places windows,
i.e., the reservation for the next W steps, around conflicts. To determine the route order for each conflict, CO-WHCA* estimates
all possible orders at each conflict and selects the best one. Rule-based methods plan a path for each route separately and follow
specific movement rules to eliminate collisions. Different rules are implemented for different scenarios that do not require massive
search steps. The algorithm proposed by Kornhauser et al. (1984) guarantees completeness in theory but is complex to implement.
Push and Swap (Luna and Bekris, 2011) uses a ‘‘swap’’ macro to swap location between two adjacent dependent agents, and its
variants such as Push and Rotate (De Wilde et al., 2014), Push-and-Spin (Alotaibi and Al-Rawi, 2018), etc., use different macros
to suit more situations. Some rule-based methods can only solve conflicts using temporal separation, by employing strategies like
modification of velocity profiles and delay in the startup time of agents (Sanchez and Latombe, 2002; Li et al., 2005; Saha and Isto,
2006).

2.2. Distributed multi-path finding methods

Distributed multi-path finding methods treat each path to be planned as a separate computation entity and employ communi-
cation and negotiation mechanisms to resolve conflicts (Lumelsky and Harinarayan, 1997). Two prominent distributed multi-path
finding algorithms are the communication-based approaches and the no-communication-based ones. In the communication-based
approaches, all routes cooperate to reach a consensus on resolving conflicts (Desaraju and How, 2012; Ferrera et al., 2017; Olfati-
Saber et al., 2007; Purwin et al., 2008; Scerri et al., 2007; Wang and Rubenstein, 2020). For example, a communication-based
method is described to navigate multiple robots to a goal in an unknown physical environment (Gilboa et al., 2006). Each robot
receives messages from others, decides whether and where to move, broadcasts the movement messages to others, receives approval
messages, and physically performs the move action. Such methods are also applied to solve conflicts among multiple groups of
agents (Ho et al., 2022), which solve a set of bargaining problems for each pair of groups and enable them to solve partial conflicts.
The communication-based approaches can improve system-level costs by iteratively updating paths. However, further research is
4
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Fig. 4. Notations and components for a route 𝒓𝑛.

path and how to design appropriate coordination strategies to optimize for a UAV route network. Therefore, in this paper, we follow
this approach and propose a new method to coordinate the planning of individual paths considering system-level information.

The no-communication-based approaches do not require agents to be cooperative, here worst-case scenarios are considered for
conflict avoidance. In these methods, agents are unaware of others’ intentions. They observe the location and speed of other agents,
predict their potential trajectories, and then plan their future trajectories accordingly (Aoude et al., 2010; Desaraju et al., 2009;
Hoffmann and Tomlin, 2008). This approach is designed for navigating vehicles in an unknown environment without communication
capability (or willingness) among vehicles, which is significantly different from the setting of the route planning problem in this
paper.

2.3. Summary

In summary, in the context of drone delivery operations, these MAPF methods have primarily been directed towards task-oriented
or in-flight path planning. This focus contrasts distinctly with the needs of infrastructure-oriented or pre-flight path planning, which
are crucial for the systematic design of air route networks. We take inspiration from the work of Ho et al. (2022, 2019) who
developed Pre-Flight Conflict Detection and Resolution (CDR) methods. These methods generate conflict-free paths for UAVs in both
centralized and distributed settings before the actual flight occurs. However, their methods primarily focus on individual flight plans
requiring both submissions and executions, without specifically addressing air route design for routine drone delivery operations.
Our previous work (He et al., 2022) was one of the first attempts to address the aspect of infrastructure design. However, that work
employs priority-based search algorithms — manually assigning priorities to individual routes, which compromises fairness among
different routes.

3. Problem formulation

In this section, we first present the multi-path route network planning problem for drone delivery services in cities that we aim
to address, then we describe our approach of employing soft constraints to reformulate this planning problem, offering a novel
perspective on its resolution.

3.1. Definitions

Consider a set of OD pairs {(𝑜𝑛, 𝑑𝑛), 𝑛 ∈ [𝑁]} located in an urban environment, which is partitioned into grid cells () for
computation. We simplify the problem of planning a route for an OD pair by connecting departing and approaching fixes of vertiports
as shown in Fig. 3b. A route 𝒓𝑛 for the OD pair (𝑜𝑛, 𝑑𝑛) is specified by a sequence of points along which drones can travel in a sequence
from the origin 𝑜𝑛 to the destination 𝑑𝑛, namely 𝒓𝑛 =

(

𝑣0𝑛, 𝑣
1
𝑛,… , 𝑣𝑙𝑛𝑛

)

where the route consists of 𝑙𝑛 segments
{(

𝑣𝑖−1𝑛 , 𝑣𝑖𝑛
)

, 𝑖 ∈ [𝑙𝑛]
}

and 𝑜𝑛 = 𝑣0𝑛, 𝑑𝑛 = 𝑣𝑙𝑛𝑛 , as shown in Fig. 4. A set of routes connects departing fixes and approaching fixes, as shown in Fig. 5.
The following notations and functions in Table 1 will be used for this formulation:

3.2. Formulation for route network planning problem

The objective of the route planning problem for multiple OD pairs is two-fold. First, we expect to reduce the individual route cost,
which is the operation cost for each route. The operation cost is related to energy consumption. Second, we expect to minimize the
system-level cost, i.e., the impact on the risk, noise, privacy, and all other disruptions caused by drone operations, and the airspace
covered by the planned route network. We formulate the conflict-free route network planning problem as follows:

min
𝒓[𝑁]

∑

𝑛∈[𝑁]
𝐶𝑜(𝒓𝑛) + 𝛼𝑎𝐶𝑎(𝒓[𝑁]) + 𝛼𝑖𝐶𝑖(𝒓[𝑁]) (1a)

( 𝑖−1 𝑖 𝑖+1)
5

s.t. 𝜆𝑦 ≤ 𝑌 𝑣𝑛 , 𝑣𝑛, 𝑣𝑛 ≤ 𝜆𝑦, (1b)
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Fig. 5. An example of route network (top-down view).

𝜆𝑑 ≤ 𝑃
(

𝑣𝑖−1𝑛 , 𝑣𝑖𝑛
)

≤ 𝜆𝑐 , (1c)

(𝒓𝑛) ∩  = ∅, (1d)

(𝒓𝑖) ∩(𝒓𝑗 ) = ∅,∀𝑖, 𝑗 ∈ [𝑁] & 𝑖 ≠ 𝑗, (1e)

Objectives in Eq. (1a) are to be minimized, where 𝛼𝑖 and 𝛼𝑎 are weighting factors to balance the operation cost, impact cost, and
space cost.

• The first item 𝐶𝑜 is an individual route cost, i.e., operation cost for each route. The operation cost is related to energy
consumption. Specifically, the operation cost 𝐶𝑜(𝒓𝑛) for each route 𝒓𝑛, consists of four parts,

𝐶𝑜(𝒓𝑛) =
∑

𝑖∈[𝑙𝑛]
𝛼𝑔𝐷𝑔(𝑣𝑖−1𝑛 , 𝑣𝑖𝑛) + 𝛼𝑐𝐷𝑐 (𝑣𝑖−1𝑛 , 𝑣𝑖𝑛) + 𝛼𝑑𝐷𝑑 (𝑣𝑖𝑛, 𝑣

𝑖+1
𝑛 ) + 𝛼𝑦

|

|

|

𝑌
(

𝑣𝑖−1𝑛 , 𝑣𝑖𝑛, 𝑣
𝑖+1
𝑛

)

|

|

|

, (2)

where 𝐷𝑔(𝑣𝑖−1𝑛 , 𝑣𝑖𝑛) refers to the ground distance of the route segment (𝑣𝑖−1𝑛 , 𝑣𝑖𝑛), 𝐷𝑐 and 𝐷𝑑 refers to climb height and descent
height. The last item on the right of the above formula relates to the turning angles of a route. 𝛼𝑔 , 𝛼𝑐 , 𝛼𝑑 , 𝛼𝑦 are prespecified
weighting factors. Detailed calculation of these distance items can refer to He et al. (2022).

• The second item 𝐶𝑎 is the airspace cost. The occupied airspace is jointly determined by the routes for the 𝑁 OD pairs, as
clarified in He et al. (2022). Let 𝒓[𝑁] = {𝒓𝑛, 𝑛 ∈ [𝑁]}, we write the airspace occupancy as a space cost function 𝐶𝑎(𝒓[𝑁]) for
brevity. The calculation of 𝐶𝑎 is

𝐶𝑎(𝒓[𝑁]) = 𝑐𝑎𝑟𝑑
(

(𝒓[𝑁])
)

= 𝑐𝑎𝑟𝑑

(

⋃

𝑛∈[𝑁]
(𝒓𝑛)

)

, (3)

which describes the total occupied airspace, or the grid cells, by the route network.
• The third item 𝐶𝑖 is the impact cost. Impact cost 𝐶𝑖(𝒓[𝑁]) captures the impact on the risk, noise, privacy, and all other disruptions

caused by drone operations; it usually depends on the airspace volume occupied by the routes (𝒓[𝑁]) and corresponding
covered ground area. Every grid cell of the environment 𝑎 ∈  is associated with an impact cost 𝐼(𝑎). 𝐶𝑖(𝒓[𝑁]) can be calculated
as

𝐶𝑖(𝒓[𝑁]) =
∑

𝑎∈
⋃

𝑛∈[𝑁] (𝒓𝑛)
𝐼(𝑎). (4)

This work specifically focuses on risk as the impact cost, which can be decomposed into the sum of the risks for each route.
Therefore, the third item can be simplified to the sum of the impact costs of each individual route. Specifically, the impact
cost 𝐶𝑖(𝒓𝑛) is calculated as

𝐶𝑖(𝒓[𝑁]) =
∑

𝐶𝑖(𝒓𝑛) =
∑ ∑

𝐼(𝑎). (5)
6
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Table 1
Descriptions of notations and functions for the problem formulation.

Route network related

 The set of all grid cells of the environment
[𝑁] The set {1, 2,… , 𝑁}
 The airspace volume blocked by obstacles
𝐼 Impact cost distribution over the airspace
{(𝑜𝑛 , 𝑑𝑛), 𝑛 ∈ [𝑁]} 𝑁 OD pairs
𝑛 Feasible route set for OD pair {(𝑜𝑛 , 𝑑𝑛)} under flying capacity and obstacle constraints
𝒓[𝑁] = {𝒓𝑛 , 𝑛 ∈ [𝑁]} A set of routes for all OD pairs
𝒓−𝑛 = {𝒓1 ,… , 𝒓𝑛−1 , 𝒓𝑛+1 ,… , 𝒓𝑁} Routes in route set 𝒓[𝑁] except 𝒓𝑛
(⋅) Occupied airspace volume function
𝐶𝑖(⋅) Impact cost function
𝐶𝑎(⋅) Space cost function
𝐶𝑡(⋅) Congestion pricing function
𝐶𝑝(⋅) Number of path occupations function
𝐶𝑏(⋅) Number of buffer zone occupations function
𝐶𝑙(⋅) Congestion level function
𝐸(⋅) Gain function

Individual route-related

𝑛 Feasible route set for OD pair {(𝑜𝑛 , 𝑑𝑛)} under flying capacity and obstacle constraints
𝑣𝑖𝑛 Waypoint for route 𝒓𝑛
 Local search space
𝜆𝑦 Angle limit for turning
𝜆𝑐 Angle limit for climbing
𝜆𝑑 Angle limit for descending
𝛼𝑔 Weighting factor for ground distance
𝛼𝑐 Weighting factor for climb height distance
𝛼𝑑 Weighting factor for descent height
𝛼𝑦 Weighting factor for turning angle
𝛼𝑖 Weighting factor for impact cost
𝛼𝑎 Weighting factor for space cost
𝛼𝑡 Weighting factor for congestion pricing
𝑌 (⋅) Yaw angle function
𝑃 (⋅) Pitch angle function
𝐷𝑔 (⋅) Ground distance function
𝐷𝑐 (⋅) Climb height function
𝐷𝑑 (⋅) Descent height function
𝐶𝑜(⋅) Operation cost function
𝑆(⋅) Local search space function

Basic calculations

𝑐𝑎𝑟𝑑(⋅) Counting elements function

In Eq. (1a), we treat the 𝑁 OD pairs equally. However, we can readily extend our formulation and results to the case where
OD pairs have different priorities by adjusting the weighting of each individual route cost 𝐶𝑜(𝒓𝑛).

Constraints in Eqs. (1b)–(1e) should be satisfied to generate a feasible route network 𝒓[𝑁], where Eqs. (1b)–(1d) are individual
route constraints, Eq. (1e) are the constraints among routes.

Eqs. (1b) and (1c) are UAV flying capability constraints. The turning, climbing, and descending angles of each segment transition
in a route should be within prescribed limits. The function 𝑌 specifies the yaw angle for a drone transiting every two successive
segments, and 𝑃 specifies the pitch angle for a drone transiting each segment; moreover, the virtual points 𝑣−1𝑛 and 𝑣𝑙𝑛+1𝑛 are set for
take-off and landing points.

Eq. (1d) is the obstacle avoidance constraint. Let  be airspace volume blocked by obstacles. The route of the OD pair (𝑜𝑛, 𝑑𝑛)
hould not intersect the blocked space. The function  in the equation calculates the airspace volume occupied by a route. Let
𝑛 denote the set of all feasible routes for the OD pair (𝑜𝑛, 𝑑𝑛) that satisfy the operation constraints (1b)–(1c) and the blocking

onstraint (1d), i.e.,

𝑛 =
{

𝒓𝑛 =
(

𝑣0𝑛, 𝑣
1
𝑛,… , 𝑣𝑙𝑛𝑛

)

|

|

|

|

𝑜𝑛 = 𝑣0𝑛, 𝑑𝑛 = 𝑣𝑙𝑛𝑛 , and (1b)–(1d)
}

. (6)

he feasible route set, or the feasible region 𝑛 for one OD pair depends only on the drone flying capacity and the obstacle space
nd is not affected by the route sets of other OD pairs.

Eq. (1e) are the conflict-free constraints among multiple routes. The conflict-free requirement involves interactive route planning
mong all OD pairs and thus complicates the route planning problem. Mathematically, to ensure that the routes for the 𝑁 OD pairs
7

re spatially separated from each other, no two OD pairs have routes sharing the same airspace volume.
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3.3. Congestion pricing-based formulation

The route planning problem (1) challenges us by the interaction of all OD pairs from two aspects, namely, the overall airspace
tilization objective and the conflict-free multi-path requirement.

In subsequent sections, we will propose a unified framework to address these challenges, culminating in an innovative and
fficient distributed route planning approach. Here, we detail the process of transforming route conflicts from hard constraints into
oft constraints within this framework.

The transformation is inspired by the Lagrange multiplier method, a fundamental technique in mathematical optimization
hat is instrumental in identifying the local extrema of a function under equality constraints. It simplifies constrained problems
y reformulating them into an unconstrained format, thereby enabling the application of derivative tests used in unconstrained
ptimization scenarios. Drawing inspiration from this method, we convert the rigid conflict-free constraints into more flexible
ongestion pricing constraints. Congestion pricing is the accumulated cost for traversing congested areas, where congestion in a
pecific area is determined by the number of routes in the area. Let 𝐶𝑡(𝒓𝑛) denote the congestion pricing function. With this approach,
e can reformulate Problem (1) as follows:

min
𝒓[𝑁]

∑

𝑛∈[𝑁]
𝐶𝑜(𝒓𝑛) + 𝛼𝑎𝐶𝑎(𝒓[𝑁]) + 𝛼𝑖𝐶𝑖(𝒓[𝑁]) + 𝛼𝑡

∑

𝑛∈[𝑁]
𝐶𝑡(𝒓𝑛) (7a)

s.t. 𝜆𝑦 ≤ 𝑌
(

𝑣𝑖−1𝑛 , 𝑣𝑖𝑛, 𝑣
𝑖+1
𝑛

)

≤ 𝜆𝑦, (7b)

𝜆𝑑 ≤ 𝑃
(

𝑣𝑖−1𝑛 , 𝑣𝑖𝑛
)

≤ 𝜆𝑐 , (7c)

(𝒓𝑛) ∩  = ∅ (7d)

In this way, the hard constraints only include individual route constraints. When 𝐶𝑡(𝒓𝑛) = 0, it indicates that route 𝒓𝑛 is not
harged for passing congested areas. If congestion pricing for all routes is zero, then no conflict exists in the route network. Detailed
alculation of 𝐶𝑡 will be elaborated in the subsequent sections.

. Methodology for route network planning

.1. Overview

The network planning problem in (1) is NP-hard (He et al., 2022). The optimal solution cannot be found in polynomial time.
n this work, we propose a heuristic method to find a near-optimal solution rapidly in large real-world scenarios. The method is
eferred to as a Distributed Route Planning with Congestion pricing (DRP-CGSTN) method for drone delivery services in cities. This
ethod takes a distributed planning approach, in which each origin–destination (OD) pair competes against other OD pairs for

n optimized route (e.g. shortest distance) following system-level coordination, with the objectives that minimize the cost of the
ndividual paths and the cost of the entire system. The core concept is congestion pricing, a soft constraint introduced to coordinate
he allocation of airspace, contrasting to existing methods that consider conflicts as hard constraints. The rationale of congestion
ricing is that when an area is passed by many paths if taking the shortest distance, this area is likely to have traffic conflicts or
ecome congested; therefore, congestion pricing is imposed on paths that go through this area; as a result, these paths would move
way from the congested area iteratively to reduce its own cost as well as system-level congestion reduction till no more system-level
ain can be achieved.

The detailed steps of the proposed method are illustrated in Fig. 6. It comprises a pre-processing step and a network planning
tep. The pre-processing step generates grid cells for the graph search. The network planning step finds a feasible route network
nd is composed of five modules: initial path generation, congestion level evaluation, congestion reduction plans generation, plan
valuation and ranking, and path update. The initial path generation module generates the best single path for each route without
onsideration of congestion. The congestion level evaluation module evaluates the areas that are congested. The congestion reduction
lans generation module runs distributedly. In this module, each route proposes a plan simultaneously, which is an updated path
hat reduces the occupied congested airspace. The plan evaluation and ranking module uses a gain function to evaluate and rank the
ongestion reduction plans, then the path update module updates the path in the best plan.

.2. Pre-processing

This module generates a grid graph to encode the environment. The airspace of the environment is discretized into 3D cubic
rid cells, , and a corresponding set of blocked airspace volumes/cells  and impact cost distribution 𝐼 . The environment includes
bstacles/terrains, vertiports, and impact distribution that determine the attributes of each cell. The vertiports determine whether
cell is an origin/destination vertiport or not, the obstacles/terrains determine if a cell is passable, and the impact distribution

etermines the impact on the risk, noise, privacy, and all other disruptions caused by UAV operations within each cell. More details
re provided by He et al. (2022).

It should be noted that the grid discretization granularity can affect the optimality and efficiency of the generation of each single
oute, and thus, the whole route network. If grid cells are smaller, discretized optimality approaches the continuous optimality, but
t the cost of more computational time because of a larger grid graph. As a result, the efficiency of generating conflict-free routes
8

s also reduced.
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Fig. 6. Overall workflow of the proposed distributed route planning with congestion pricing method.

4.3. Network planning

4.3.1. Initial path generation
This module generates an initial route network as a warm start. It separately and distributedly generates a path for each route

without consideration of conflicts among routes. Each path in the initial network is optimal if conflicts among routes are not
considered. A single path-finding algorithm, Extended Theta* (He et al., 2022), is applied to generate every single path. It searches
for a path from a node 𝑜𝑛 to a node 𝑑𝑛 that has the minimum value of the individual route cost 𝐶𝑜(𝒓𝑛) as defined in Eq. (2). For
Extended Theta*, the granularity of grid discretization can influence the generation of a single route, that is, finer grids leading
to routes closer to continuous optimality but potentially reducing efficiency due to increased complexity — this aspect is separate
from establishing conflict-free routes. Conflict-free routes, which concern the interaction and separation of multiple routes, remain
unaffected by the granularity of the grid.

4.3.2. Congestion level evaluation
When multiple routes pass through an area, the area becomes congested and conflicted. This module evaluates the congestion

level of the initial route network and each updated planning of the route network.
Congestion level evaluation is based on the number of routes in the grid cells. As illustrated in Fig. 3, each route is composed

of a path and surrounding buffer zones. Thus congestion level of cells results from path occupation and buffer zone occupation.
Because buffer zones can be shared by different routes, a cell has no congestion if it is occupied only by buffer zones and it has
9
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Fig. 7. Illustration for evaluating the congestion level of the airspace for a route network.

congestion only if it is occupied by paths of routes. Let 𝐶𝑝(⋅) and 𝐶𝑏(⋅) represent the number of path occupations and buffer zone
occupations respectively. We can get 𝐶𝑝(𝑔) and 𝐶𝑏(𝑔) for each cell 𝑔 ∈ . Let 𝐶𝑙(⋅) represent the congestion level, it is calculated as

𝐶𝑙(𝑔) = 4 ∗ 𝐶𝑝(𝑔) ∗ (𝐶𝑝(𝑔) − 1)∕2 + 𝐶𝑝(𝑔) ∗ 𝐶𝑏(𝑔)

where 𝐶𝑝(𝑔) ∗ (𝐶𝑝(𝑔) − 1)∕2 is the number of path-to-path conflicts, 𝐶𝑝(𝑔) ∗ 𝐶𝑏(𝑔) is the number of path-to-buffer conflicts, 4 is the
coefficient for path-to-path conflicts because the path-to-path conflict makes airspace relatively more congested. For brevity, we can
also define the congestion level of one route and a set of routes, the congestion level of a route 𝒓𝑛 is

𝐶𝑙(𝒓𝑛) =
∑

𝑔∈(𝒓𝑛)
𝐶𝑙(𝑔),

and the congestion level of a set of routes 𝒓[𝑁] is

𝐶𝑙(𝒓[𝑁]) =
∑

𝑔∈∪𝒓𝑛∈𝒓[𝑁](𝒓𝑛)
𝐶𝑙(𝑔),

and if there are only two routes 𝒓𝑖 and 𝒓𝑗 , then

𝐶𝑙(𝒓𝑖) = 𝐶𝑙(𝒓𝑗 ) = 𝐶𝑙({𝒓𝑖, 𝒓𝑗})

An illustration of the congestion level evaluation process is shown in Fig. 7.

4.3.3. Congestion reduction plan generation
Based on the evaluated congestion levels, routes can reduce the passage through congested areas to reduce conflicts. Therefore,

this module allows each route to propose a congestion reduction plan. The core concept in this stage is congestion pricing, a soft
constraint to coordinate the allocation of airspace instead of a hard constraint to resolve conflicts. The pseudocode of this algorithm
is shown in Algorithm 1 in Appendix A, and the basic idea is illustrated here.

In 𝑘th iteration, this module generates a set of updated paths 𝒓𝑘[𝑁]𝑢 as the plans based on the original paths 𝒓𝑘[𝑁]𝑜. For each
route, the proposed congestion reduction plan is an updated path that moves away from congested areas. Let 𝒓𝑛𝑜 and 𝒓𝑛𝑢 separately
represent the original path and the updated path of route 𝒓𝑛 in the iterations, 𝒓−𝑛𝑜 represent the set of routes 𝒓−𝑛𝑜 = 𝒓[𝑁]𝑜∖{𝒓𝑛𝑜}. The
plan uses the following objective function to search for an updated path

𝑓 (𝒓𝑛𝑢) = 𝐶𝑜(𝒓𝑛𝑢) + 𝛼𝑖𝐶𝑖(𝒓𝑛𝑢) + 𝛼𝑎𝐶𝑎(𝒓𝑛𝑢|𝒓−𝑛𝑜) + 𝛼𝑡𝐶𝑡(𝒓𝑛𝑢|𝒓−𝑛𝑜). (8)

Here 𝐶𝑜(𝒓𝑛𝑢) represents the operation cost in Eq. (2) of updated paths, 𝐶𝑖(𝒓𝑛𝑢) represents the impact cost, 𝐶𝑎(𝒓𝑛𝑢|𝒓−𝑛𝑜) represents
the space cost of 𝒓𝑛𝑢 when other routes take 𝒓−𝑛𝑜, 𝛼𝑡 is the congestion pricing coefficient and 𝐶𝑡(𝒓𝑛𝑢|𝒓−𝑛𝑜) is the congestion pricing
of 𝒓𝑛𝑢 when other routes take 𝒓−𝑛𝑜. The congestion pricing does not forbid routes to pass through congested areas; instead, the
routes crossing these areas are penalized. For a drone delivery operator, the global cost is associated with the individual route cost
(operation cost 𝐶𝑜) and system-level cost (impact cost 𝐶𝑖, space cost 𝐶𝑎 and the congestion pricing 𝐶𝑡). For a route 𝒓𝑛 from 𝑜𝑛 to 𝑑𝑛,
the congestion pricing is

𝐶𝑡(𝒓𝑛|𝒓−𝑛) = 𝐶𝑙(𝒓[𝑁]) − 𝐶𝑙(𝒓−𝑛), (9)

it is calculated as the difference between the congestion level of the route set 𝐶𝑙(𝒓[𝑁]) and the congestion level of the route set
𝐶𝑙(𝒓−𝑛). An illustration of congestion pricing is presented in Fig. 8.

The coefficient 𝛼𝑡 reflects the importance of congestion pricing in the total costs. If 𝛼𝑡 is small, for example, 𝛼𝑡 → 0, the route
can pass congested areas with negligible cost addition. If 𝛼𝑡 is large, e.g., 𝛼𝑡 → ∞, the resulting cost will be high, preventing the
route from passing through congested areas.
10
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Fig. 8. Example of the congestion pricing for different plans.

Fig. 9. Illustration for searching in a local airspace with 𝐿𝑘 = 3.

To speed up generating the plans for real-world scenarios, the method searches for a path in a local airspace instead of searching
in the global airspace, as shown in Fig. 9. Searching in a local space extends fewer cells and finds a near-optimal solution in less
computational time. For an original path 𝒓𝑘𝑛𝑜 in 𝑘th iteration, the search space is defined as

𝑘
𝑛 = 𝑆(𝒓𝑘𝑛𝑜, 𝐿𝑘)

where 𝐿𝑘 is the size of the local airspace.

4.3.4. Plan evaluation and ranking
This module evaluates and ranks congestion reduction plans proposed by the routes based on the reduction of airspace congestion

and increase in path length. A plan that reduces airspace congestion by adding the least path length is more likely to be selected
and executed subsequently. Elaboration of this module yields the following series of Steps.

Step 1. Plan evaluation for each route
A gain function is applied to plan evaluation. It describes how much airspace congestion is reduced and how much other cost

items increase. It compares the original path 𝒓𝑘𝑛𝑜 and the updated path 𝒓𝑘𝑛𝑢 in the plan.

𝐸(𝒓𝑘𝑛𝑜, 𝒓
𝑘
𝑛𝑢) = 𝛥𝐶𝑡(𝒓𝑘𝑛𝑜, 𝒓

𝑘
𝑛𝑢) − 𝛥𝐶𝑜(𝒓𝑘𝑛𝑜, 𝒓

𝑘
𝑛𝑢) − 𝛥𝐶𝑎(𝒓𝑘𝑛𝑜, 𝒓

𝑘
𝑛𝑢) − 𝛥𝐶𝑖(𝒓𝑘𝑛𝑜, 𝒓

𝑘
𝑛𝑢) (10)

where

𝛥𝐶𝑡(𝒓𝑘𝑛𝑜, 𝒓
𝑘
𝑛𝑢) = 𝐶𝑙({𝒓𝑘𝑛𝑜 ∪ 𝒓𝑘−𝑛𝑜}) − 𝐶𝑙({𝒓𝑘𝑛𝑢 ∪ 𝒓𝑘−𝑛𝑜}),

𝛥𝐶𝑜(𝒓𝑘𝑛𝑜, 𝒓
𝑘
𝑛𝑢) = 𝐶𝑜(𝒓𝑘𝑛𝑜) − 𝐶𝑜(𝒓𝑘𝑛𝑢),

𝛥𝐶𝑎(𝒓𝑘𝑛𝑜, 𝒓
𝑘
𝑛𝑢) = 𝐶𝑎(𝒓𝑘𝑛𝑜|𝒓

𝑘
−𝑛𝑜) − 𝐶𝑎(𝒓𝑘𝑛𝑢|𝒓

𝑘
−𝑛𝑜),

𝛥𝐶𝑖(𝒓𝑘𝑛𝑜, 𝒓
𝑘
𝑛𝑢) = 𝐶𝑖(𝒓𝑘𝑛𝑜) − 𝐶𝑖(𝒓𝑘𝑛𝑢).

𝛥𝐶𝑜, 𝛥𝐶𝑎, and 𝛥𝐶𝑖 are the additional operation cost, space cost, and impact cost of the plan, and 𝛥𝐶𝑡 is the reduced airspace
congestion of the plan. The gain function will be larger if it reduces more congestion with a smaller increased operation, space, and
impact cost.

Step 2. Plan ranking
The ranking sorts plans from the largest gain function to the smallest. It uses centralized coordination - a roulette-wheel selection

method to select the best plan. A plan with a larger gain value is more likely to be selected and executed afterward. It is done in
11

substeps 2.1–2.3:



Transportation Research Part C 160 (2024) 104536X. He et al.
Fig. 10. Example for the evaluation and ranking process.

Substep 2.1 Determine the routes with improvements
Let 𝐼𝑘 be the set of plans in which the updated path differs from the original path.

𝐼𝑘 = {𝑛 ∈ [𝑁] ∶ 𝛥 𝐶𝑡(𝒓𝑘𝑛𝑜, 𝒓
𝑘
𝑛𝑢) ≠ 0 or 𝛥 𝐶𝑜(𝒓𝑘𝑛𝑜, 𝒓

𝑘
𝑛𝑢) ≠ 0 or 𝛥 𝐶𝑎(𝒓𝑘𝑛𝑜, 𝒓

𝑘
𝑛𝑢) ≠ 0 or 𝛥 𝐶𝑖(𝒓𝑘𝑛𝑜, 𝒓

𝑘
𝑛𝑢) ≠ 0}.

Substep 2.2 Check route feasibility and congestion pricing
If 𝐼𝑘 is an empty set, i.e., no routes can be improved, it can be two cases. If congestion pricing equals zero, then all routes are

conflict-free, thus the feasible route network can be outputted. Otherwise, the local airspace is not sufficiently large to contain a
path with fewer conflicts, or the congestion pricing is not sufficiently large to move the route away from congested areas. In these
cases, no plan will be selected but the congestion pricing coefficient and the neighbor space size will enlarge.

𝛼𝑡+ = 𝛥𝛼𝑡

𝐿𝑘+ = 𝛥𝐿𝑘;

Substep 2.3 Select the best plan
A roulette-wheel selection method to select the best plan. It first calculates the probability of being selected based on the softmax

of the gain function:

𝑃 𝑘
𝑛 =

|𝐸𝑘
𝑛 |

∑

𝑛∈𝐼𝑘 |𝐸
𝑘
𝑛 |
, ∀𝑛 ∈ 𝐼𝑘.

Then, a random number 𝑠𝑒𝑒𝑑 ∼ 𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0, 1) is generated, and the plan of route 𝒓𝑛′ is selected based on the roulette wheel selection
rule.

𝑛′ = argwhere
𝑛

𝑠𝑒𝑒𝑑 ∈

[𝑛−1
∑

1
𝑃 𝑘
𝑛 ,

𝑛
∑

1
𝑃 𝑘
𝑛

]

.

An illustration of the evaluation and ranking is shown in Fig. 10.

4.3.5. Path update
This module updates the routes based on the ranking results. The route in the approved plan will update its path, whereas the

path of other routes will not be changed in this iteration.

𝒓𝑘+1𝑛𝑜 =
{

𝒓𝑘𝑛𝑢, 𝑛 = 𝑛′

𝒓𝑘𝑛𝑜, 𝑛 ≠ 𝑛′
(11)

After the path updating step, the method will go to the congestion level evaluation module again, followed by plan generation, plan
evaluation and ranking, and path update. The iterations will continue till no conflict exists, i.e., congestion pricing equals zero for
all routes.

5. Theoretical analysis

The proposed DRP-CGSTN method uses a congestion pricing to transform the conflict constraints in (1e) into soft constraints.
Let 𝜆𝑖𝑗 be the congestion pricing coefficient for 𝒓𝑖 passing a congested airspace caused by 𝒓𝑗 , the objective function is now

𝒓[𝑁] = arg min
𝒓[𝑁]

𝑓 (𝒓[𝑁]|𝝀) = arg min
𝒓[𝑁]

∑

𝑖∈[𝑁]
𝐶𝑜(𝒓𝑖) + 𝛼𝑎𝐶𝑎(𝒓[𝑁]) + 𝛼𝑖𝐶𝑖(𝒓[𝑁]) +

∑

𝑖,𝑗∈[𝑁],𝑖≠𝑗
𝜆𝑖𝑗 𝐶𝑙({𝒓𝑖, 𝒓𝑗}) (12)

Regarding a sufficiently large 𝜆𝑖𝑗 , the problem in Eq. (12) equals the problem in Eq. (1). If a method can find an optimal solution
for Eq. (12), it can find an optimal solution for Eq. (1). DRP-CGSTN solves Problem Eq. (12) under an increasing sequence of
congestion pricing coefficients. We can prove the convergence of the objective value in Eq. (12) regarding a sufficiently large 𝜆 by
arguing that it is lower bounded by the optimal cost when 𝜆𝑖𝑗 = 0, and it is non-increasing over the sequence of obtained solutions.
However, it remains to show that the solution sequence will converge and that when the algorithm converges there is no conflict
among routes.
12
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Table 2
Total costs of each route by DRP-CGSTN and priority-base planning in the toy example.

Individual optimal paths Paths from priority-based planning Paths from DRP-CGSTN

Costa for 𝒓1 157.18 284.93 215.39
Cost for 𝒓2 147.08 147.08 206.65
Extra sum of cost for solving conflicts – +127.75 +117.78

a Cost here is the operation cost and impact cost.

Here we prove that the DRP-CGSTN method follows the optimality proposition when the space cost can be calculated based
on individual routes, not allowing the buffer zones to be shared among different routes. In this case, 𝐶𝑎(𝒓[𝑁]) =

∑

𝑖∈[𝑁] 𝐶𝑎(𝒓𝑖) and
𝑖(𝒓[𝑁]) =

∑

𝑖∈[𝑁] 𝐶𝑖(𝒓𝑖), and the objective function Eq. (12) is now Eq. (13). The proof of Proposition 1 is presented in Appendix B.

𝒓[𝑁] = arg min
𝒓[𝑁]

𝑓 (𝒓[𝑁]|𝝀) = arg min
𝒓[𝑁]

∑

𝑖∈[𝑁]
𝐶𝑜(𝒓𝑖) + 𝛼𝑎

∑

𝑖∈[𝑁]
𝐶𝑎(𝒓𝑖) + 𝛼𝑖

∑

𝑖∈[𝑁]
𝐶𝑖(𝒓𝑖) +

∑

𝑖,𝑗∈[𝑁],𝑖≠𝑗
𝜆𝑖𝑗 𝐶𝑙({𝒓𝑖, 𝒓𝑗}) (13)

roposition 1. The proposed DRP-CGSTN method is able to find the optimal solution for Eq. (13) if the following assumptions are satisfied:

A. 1 For brevity, let  (𝑖, 𝑗) = 𝐶𝑙({𝒓𝑖, 𝒓𝑗}) and 𝐶(𝒓𝑛) = 𝐶𝑜(𝒓𝑛) + 𝛼𝑎𝐶𝑎(𝒓𝑛) + 𝛼𝑖𝐶𝑖(𝒓𝑛). In the congestion reduction plans generation module,
each route can find the optimal solution, that is

𝒓𝑛 = argmin
𝒓𝑛

𝑓 (𝒓𝑛|(𝝀, 𝒓−𝑛)) = argmin
𝒓𝑛

𝐶(𝒓𝑛) +
∑

𝑙∈[𝑁−𝑛]
𝜆𝑛𝑙 (𝑛, 𝑙)

A. 2 For brevity, let 𝝀𝑘 = (𝜆𝑘1 ,… , 𝜆𝑘𝑛−1, 𝜆
𝑘
𝑛 , 𝜆

𝑘
𝑛+1,… , 𝜆𝑘𝑁 ), and 𝒓−𝑛|𝝀𝑘 = arg min𝒓−𝑛 𝑓 (𝒓[𝑁]|𝝀𝑘). In each iteration the congestion pricing

coefficient 𝝀 is updated from 𝝀𝑘 to 𝝀𝑘+1 while satisfying

min
𝒓𝑛

𝑓 (𝒓𝑛|(𝝀𝑘+1, 𝒓−𝑛|𝝀𝑘)) − min
𝒓𝑛

𝑓 (𝒓𝑛|(𝝀𝑘, 𝒓−𝑛|𝝀𝑘)) ≤ min
𝒓𝑛

𝑓 (𝒓𝑛|(𝝀𝑘+1, 𝒓−𝑛|𝝀𝑘+1)) − min
𝒓𝑛

𝑓 (𝒓𝑛|(𝝀𝑘, 𝒓−𝑛|𝝀𝑘+1)) (14)

Based on Proposition 1, the method finds the optimal solution for Eq. (13), which is also the optimal solution for (1) when
he sharing of buffer zones among different routes is not allowed. However, in the application of the proposed method in real-
orld scenarios, these assumptions are not always satisfied. For example, if the single path planning in congestion reduction plan
eneration cannot generate an optimal solution, then Assumption 1 does not hold. Also, when the updating process of the congestion
ricing coefficient does not strictly satisfy Eq. (14), Assumption 2 does not stand. In summary, the proposed DRP-CGSTN is a heuristic
ethod to solve the network planning problem as described in Eq. (1). Further theoretical analysis is needed to show the convergence

nd optimality of the sequence of obtained solutions over increasing 𝝀.

. Testing in benchmark scenarios and an real-world urban scenario

In this section, we first used an illustrative scenario to demonstrate the working of the algorithm. We then compared the proposed
lgorithm with other path-finding algorithms in a 2D test scenario. Subsequently, the algorithm was applied to a 3D real-world
cenario in Mong Kok, HKSAR.

.1. Illustration with a toy example

We use a simple scenario to illustrate the operation of the algorithm, as shown in Fig. 11. In this example, there is a low-impact
rea in the middle of the two obstacles, and the impact of passing through the low-impact areas is 1/3 that of passing through the
ormal areas. The objective is to find two routes, 1 and 2 to connect vertices on the left and on the right. We applied the DRP-CGSTN
nd the priority-based planning methods (He et al., 2022) to this toy example. In the priority-based planning, two routes are planned
equentially, and the sequence order is determined based on the total cost in Eq. (2).

The generated paths are shown in Fig. 11. If conflicts amongst the routes are not considered, then both follow the individual
ptimal paths, which pass through the middle low-impact area. For priority-based planning, 𝒓2 is planned first and 𝒓1 should resolve
onflicts because this order leads to a lower cost, however, the high-priority route 𝒓2 will pass through the low-impact cost area,
nd the other route 𝒓1 has to fly near the upper margin. For DRP-CGSTN, none pass the low-impact area, but both routes cross the
iddle corridor. The total cost of the generated paths is shown in Table 2. As shown in the table, DRP-CGSTN achieves a lower

ost than priority-based planning. This is because, for individual optimal paths, priority-based planning only considers 𝒓1 to solve
onflicts, whereas DRP-CGSTN considers both routes.

.2. Comparative tests on a standard 2D scenario

In this section, we compared our method with three prominent methods: priority-based planning (He et al., 2022), Push-and-
pin (Alotaibi and Al-Rawi, 2018), and conflict-based search (CBS) (Sharon et al., 2015). The experimental setup is shown in
13

ig. 12(a). This is a 2D scenario (Stern et al., 2019) of grid size 256 ∗ 256 covering an area of around 2.5 km by 2.5 km. This
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Fig. 11. Test case (top view) for priority-based planning and DRP-CGSTN.

Fig. 12. The 2D scenario and the required routes.

grid comprises 65,536 cells, of which 6528 cells are inaccessible. Multiple routes were generated from the lower left corner to the
upper right corner, with origins and destinations positioned in proximity to each other and near urban obstacles (residential or
office buildings), to emulate a realistic drone delivery environment. All experiments were conducted using an Ubuntu server with
parameters 32x Intel (R) Xeon (R) Gold 5218 CPUs and 13 GB memory. The individual optimal paths of these routes are shown
in Fig. 12(b). Due to the clustered nature of these paths and the proximity of origins and destinations to obstacles and other pairs,
finding networks of spatially separated paths was challenging.

Notably, both Push-and-Spin and CBS are primarily directed toward task-oriented or in-flight path planning. They were initially
developed to resolve spatiotemporal conflicts among agents. In this scenario, however, we have adapted them to address spatial
conflicts. A focus exclusively on spatial conflicts can lead to an increased frequency of conflicts, which may slow down the resolution
process for these methods towards this problem. Furthermore, CBS does not support buffer zones overlapping to reduce space costs.
Priority-based planning can accommodate all the objectives and constraints in Eq. (1a). As the order of the OD pairs (priority) affects
the solution, we run priority-based planning in two strategies. In the first method, the route sequence was the same as the order of
the newly added OD pairs, and in the second method, all possible route sequences were considered but the one with the minimum
cost was selected as the solution. Here in the experiment, we take the distance as the cost.

The cost and computational time for priority-based planning, conflict-based search, push-and-spin and DRP-CGSTN method are
listed in Table 3, and the generated routes are shown in Fig. 13. It is important to note that priority-based planning can output all
feasible routes it identifies, though some routes may fail to be generated. For priority-based planning that runs only one sequence,
the computational time was the smallest, but the cost was the largest compared with other methods. In addition, it can easily fail
to find all paths as high-priority routes can block all possible paths for low-priority routes, especially OD pairs are close to others
in this scenario. When all possible sequences were run, the solution had a smaller cost and more routes were found because the
algorithm used the most appropriate priority (order), but the computational time increased very quickly and became unacceptably
large. Push-and-spin runs relatively fast, but similar to priority-based planning with one sequence, it can quickly fail to find feasible
14
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Table 3
Cost and computational time for the methods in the 2D scenario.

# of routes 1 2 3 4 5 6 7 8 9 10

Individual optimal routes
Distance 275 519 773 1015 1192 1426 1662 1907 2162 2468

Priority-based planning (one sequence)
Distance 275 523 785 INFa INFa INFa INFa INFa INFa INFa

Time (s) 0.009 0.016 0.026 – – – – – – –
Priority-based planning (all sequences)
Distance 275 520 782 1029 1206 1441 1677 1925 2212 2613
Time (s) 0.009 0.026 0.13 0.75 5.3 39 280 2500 230b 330b

Push-and-Spin
Distance 275 520 782 1029 1206 INFa INFa INFa INFa INFa

Time (s) 0.009 0.02 0.07 0.20 0.75 – – – – –
Conflict-based search
Distance 275 520 775 – – – –
Time (s) 0.012 0.24 330 >3600 >3600 >3600 >3600 >3600 >3600 >3600

DRP-CGSTN
Distance 275 520 775 1024 1202 1437 1673 1914 2167 2472
Time (s) 0.025 0.16 0.25 1.3 1.3 1.6 1.7 2.3 2.6 3.1

a Some routes cannot be found.
b The number of sequences is too large, only sample 3000 sequences here.

outes. CBS generated a route network with a small cost; however, it ran very slowly, particularly when there were many conflicts
mong individual optimal paths.

DRP-CGSTN found spatially separated paths within an acceptable time, and the solution had a small cost. In addition, the method
reats conflicts as soft constraints and updates paths only in the neighboring airspace in each iteration. The generated routes were
ore aligned and still spatially separated, which improved airspace utilization. The discrepancy between DRP-CGSTN and individual

ptimal routes does not consistently increase with the number of routes, due to the variable adherence of the congestion pricing
oefficient to Proposition 1.

.3. Demonstration in a real-world urban scenario

In this section, we present the set of routes generated by the proposed DRP-CGSTN method in a real-world scenario, an urban
rea in Mong Kok, HKSAR, with a physical size of 1840 m × 1900 m. Hong Kong has a population of more than 7.4 million

that live in an area of just 1104 square kilometers, making it one of the most densely populated places in the world (Hong Kong
Census and Statistics Department, 2023). Mong Kok is even denser with its extremely high population density of 130,000∕km2, and
it was described as the busiest district in the world. The airspace discretization in the preprocessing step discretizes the airspace
into 920 ∗ 949 ∗ 50 grid cells. The scenario is a typical urban area with tightly arranged buildings, and the time for finding one
route is of the order of seconds. In the experiment, sixteen routes were generated at heights from 90 to 120 m. Under parameters
𝛼𝑖 = 1, 𝛼𝑎 = 0.1, 𝛥𝛼𝑡 = 0.2, 𝛥𝐿𝑘 = 10, the distributed planning method takes 206.4 s to find a feasible solution. Two cases were
considered in this study. The first case did not consider low-impact areas, whereas the second case considered them. The solutions
for both cases are shown in Fig. 14, where the generated routes satisfy the separation requirements. Compared to straighter routes
in Fig. 14(b), the routes in 14(c) detour over low-impact areas.

6.4. Sensitivity analysis on algorithm parameters

In this section, we analyze the impact of various algorithm parameters on overall performance. The parameters include impact
cost, space cost coefficient, coefficients in the calculation of operation cost, congestion pricing coefficient, and local airspace size.

The relative value of the weight coefficient of space cost 𝛼𝑎 and impact cost 𝛼𝑖 in relation to other cost coefficients needs to be
carefully calibrated to reflect the actual operational cost impact of airspace usage charges and impact of drone operations to people
and facilities on the ground. The values can be determined by the relative monetary cost of the different categories. The weight
coefficient of ground distance, climb height distance, descent height, and turning angle are determined by the energy consumption
of drone operations. A higher coefficient for an item prompts the algorithm to prioritize its optimization. For a detailed analysis
of these parameters, refer to He et al. (2022). For example, as the space cost coefficient increases, the number of buffer zone cells
and the number of total occupied cells decrease; meanwhile, the number of path cells increases slightly, and the total impact cost
increases gradually as the relative weight on risks reduces compared to weight on airspace occupancy, resulting some routes fly over
high-risk areas to reduce space cost. Therefore, the relative value of the space cost coefficient in relation to other cost coefficients
should be carefully calibrated so that the safety aspect is not compromised.

In this study, we focus on the two distinct parameters in our algorithm in Section 4: congestion pricing weight coefficient 𝛼𝑡 and
local airspace size 𝐿𝑘. We take the scenario in Section 6.3 for the testing and fix other parameters 𝛼𝑎 = 0.1, 𝛼𝑖 = 1, 𝛥𝛼𝑡 = 0.2, 𝛥𝐿𝑘 = 5.
We take congestion pricing weight coefficient 𝛥𝛼 ∈ [0.2, 0.4, 0.6, 0.8, 1.0] and 𝛥𝐿 ∈ [5, 10, 15, 20,∞]. Here, ∞ means global search.
15
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Fig. 13. Routes planned by priority-based planning, push-and-spin, conflict-based search, and DRP-CGSTN in the 2D scenario (256 ∗ 256 grid cells).

The results are shown in Table 4. The results indicate a trade-off: as the congestion pricing coefficient is increased, there is a marginal
reduction in computational time, yet this leads to an increase in total costs. Conversely, expanding the local search space increases
the computational time but results in a slight reduction in total costs.

Here, a larger congestion pricing coefficient encourages the algorithm to prioritize congestion pricing optimization. This
adjustment enables routes to shift towards less congested areas faster. However, this prioritization might lead to overlooking certain
16
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Fig. 14. Routes found by DRP-CGSTN in a real-world urban scenario (920 ∗ 949 ∗ 50 grid cells).

Table 4
Cost and computational time for the different 𝛥𝛼𝑡 and 𝛥𝐿𝑘 for DRP-CGSTN.
𝛥𝛼𝑡 0.2 0.4 0.6 0.8 1.0

𝐶𝑜𝑠𝑡 7442 7442 7443 7443 7445
𝑇 𝑖𝑚𝑒 (s) 173 168 168 165 164

𝛥𝐿𝑘 5 10 15 20 ∞

𝐶𝑜𝑠𝑡 7442 7441 7441 7439 7439
𝑇 𝑖𝑚𝑒 (s) 173 206 266 291 356
17
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Fig. 15. Algorithm scalability as the number of routes increases (920 ∗ 949 ∗ 50 grid cells).

solutions, resulting in higher overall costs but reduced computational time. Regarding the local search space, a smaller search space
can expedite the congestion reduction plan generation. Yet this also comes with the fact that some potential solutions might be
missed, leading to an increase in total cost.

6.5. Algorithm scalability and computational time

In this section, we show how the computational time of the algorithm increases as the number of routes increases. The test
scenario is the urban area in Mong Kok as shown in Section 6.3. There are multiple vertiports. Multiple routes can be generated
between any two vertiports if the routes use different fixes of the vertiports. The total number of routes tested ranges from 5 to 50.
To ensure consistency in our experimental setup, all tests were conducted using an Ubuntu server with parameters 32x Intel (R)
Xeon (R) Gold 5218 CPUs and 13 GB memory.

The results, as shown in Fig. 15, indicate a superlinear relationship between the number of routes and both the number of
conflict cells and computational time. This observation implies that increases in the number of routes lead to more than proportional
increases in both the number of conflict cells and the required computational resources. Furthermore, the results reveal an almost
linear relationship between computational time and the number of conflict cells. This linear trend suggests that the primary factor
contributing to the increases in computational time is the increment in conflict cells, which is directly correlated with the increase
in the number of routes.

7. Conclusion

This study proposes the DRP-CGSTN method to find multiple paths for drone delivery. In this method, a competition mechanism
is developed to allow paths to fairly seek individual optimality, not imposing priorities on any particular path; a new cost item,
referred to as congestion pricing, is introduced to resolve path conflicts while balancing between individual paths’ optimality and
system-level optimality.

The DRP-CGSTN method can generate spatially separated structured route networks in urban areas within a reasonable time. A
set of tests was carried out to demonstrate that our method can generate route networks with smaller operation, impact, and space
costs within an acceptable time. In addition, these networks satisfy all requirements and can be used for commercial use.

With the implementation of the proposed method, drone delivery service providers can quickly design a drone route network
and respond to changes in the service network, such as adding/removing routes based on demand and temporary changes in the
environment. The competition mechanism enables multiple UAS service suppliers to share a common airspace for commercial use
with other service suppliers that also operate in the airspace.

The proposed method can also be applied to any situation where multiple paths have to be generated to transport moving
agents between origins and destinations. A typical scenario is warehouse logistics, in which robots move packages among shelves.
The proposed method can also be extended to real-time conflict detection and resolution by each drone because of its distributed
characteristics. Once a drone detects other drones in the neighborhood airspace, it can exchange its plan, negotiate with others, and
update its own plan.
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ppendix A

Algorithm 1: Congestion Reduction Plans Generation
Input : A set of original paths 𝒓𝑘[𝑁]𝑜
Output: A set of congestion reduction plans, i.e., updated paths 𝒓𝑘[𝑁]𝑢

1 ReductionPlansGeneration(𝒓𝑘[𝑁]𝑜)
2 //Parallel execution
3 foreach 𝒓𝑛 do
4 𝒓𝑘𝑛𝑢=ExtendedThetaStarWithCongestion(𝒓𝑛,𝒓𝑘[𝑁]𝑜);
5 end
6 Return a set of paths 𝒓𝑘[𝑁]𝑢;
7 ExtendedThetaStarWithCongestion(𝒓𝑛, 𝒓𝑘[𝑁]𝑜)
8 𝑜𝑝𝑒𝑛 ∶= 𝑐𝑙𝑜𝑠𝑒𝑑 ∶= ∅; 𝑜𝑝𝑒𝑛.𝐼𝑛𝑠𝑒𝑟𝑡(𝑠𝑠𝑡𝑎𝑟𝑡);
9 while 𝑜𝑝𝑒𝑛 ≠ ∅ do
10 𝑠′ ∶= 𝑜𝑝𝑒𝑛.𝑃 𝑜𝑝(); 𝑐𝑙𝑜𝑠𝑒𝑑 ∶= 𝑐𝑙𝑜𝑠𝑒𝑑 ∪ {𝑠′};
11 if 𝑠′ = 𝑠𝑔𝑜𝑎𝑙 then
12 return "path found";
13 end
14 foreach 𝑠 ∈ 𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑟(𝑠′ ) do
15 if 𝑠 ∉ 𝑐𝑙𝑜𝑠𝑒𝑑 and 𝑠 ∉ 𝑜𝑝𝑒𝑛 then
16 𝑓 (𝑠𝑠𝑡𝑎𝑟𝑡, 𝑠) ∶= ∞; 𝑝𝑎𝑟𝑒𝑛𝑡(𝑠) ∶= 𝑁𝑈𝐿𝐿;
17 end
18 ComputePathCost(𝑠′ , 𝑠);
19 end
20 return "no path found";
21 end
22

23 calculateCongestionCost(𝑠′ ,s)
24 𝐶𝑡(𝑠

′ , 𝑠) = 𝐶𝑙(𝒓[𝑁]) − 𝐶𝑙(𝒓−𝑛);
25 return 𝐶𝑡(𝑠

′ , 𝑠);
26

27 ComputePathCost(𝑠′ ,s)
28 𝐶𝑡(𝑠

′ , 𝑠) = 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒𝐶𝑜𝑛𝑔𝑒𝑠𝑡𝑖𝑜𝑛𝐶𝑜𝑠𝑡(𝑠′ , 𝑠)
29 𝑓 (𝑠′ , 𝑠) = 𝐶𝑜(𝑠

′ , 𝑠) + 𝛼𝑎𝐶𝑎(𝑠
′ , 𝑠) + 𝛼𝑖𝐶𝑖(𝑠

′ , 𝑠) + 𝛼𝑡𝐶𝑡(𝑠
′ , 𝑠)

30 if 𝑓 (𝑠𝑠𝑡𝑎𝑟𝑡, 𝑠
′ ) + 𝑓 (𝑠′ , 𝑠) < 𝑓 (𝑠𝑠𝑡𝑎𝑟𝑡, 𝑠) then

31 𝑝𝑎𝑟𝑒𝑛𝑡(𝑠) ∶= 𝑠′

32 𝑓 (𝑠𝑠𝑡𝑎𝑟𝑡, 𝑠) ∶= 𝑓 (𝑠𝑠𝑡𝑎𝑟𝑡, 𝑠
′ ) + 𝑓 (𝑠′ , 𝑠)

33 end

The proposed congestion pricing function is highlighted as red in the Algorithm.

Appendix B

Proof. We used hypothesis induction to prove optimality. 𝑘 = 0 is the initial path generation, in the 0th iteration, 𝜆𝑖𝑗 = 0, and
𝒓0[𝑁] = 𝑎𝑟𝑔 𝑚𝑖𝑛𝒓[𝑁]

∑

𝑛∈[𝑁] 𝐶(𝒓𝑛). This is directly proved by Assumption 1.
Assume the optimality holds for a particular 𝑘, i.e.,

𝒓𝑘[𝑁] = arg min
∑

𝐶(𝒓𝑖) +
∑

𝜆𝑘𝑖𝑗 (𝑖, 𝑗) (15)
19
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We need to show that

𝒓𝑘+1[𝑁] = arg min
𝒓[𝑁]

∑

𝑖∈[𝑁]
𝐶(𝒓𝑖) +

∑

𝑖,𝑗∈[𝑁],𝑖≠𝑗
𝜆𝑘+1𝑖𝑗  (𝑖, 𝑗) (16)

Here, we show it by contradiction.
If Eq. (16) is not valid, there exists 𝒓′[𝑁] that

𝒓′[𝑁] = arg min
𝒓[𝑁]

∑

𝑖∈[𝑁]
𝐶(𝒓𝑖) +

∑

𝑖,𝑗∈[𝑁],𝑖≠𝑗
𝜆𝑘+1𝑖𝑗  (𝑖, 𝑗) (17)

which means that
∑

𝑖∈[𝑁]
𝐶(𝒓𝑘+1𝑖 ) +

∑

𝑖,𝑗∈[𝑁],𝑖≠𝑗
𝜆𝑘+1𝑖𝑗  (𝑖𝑘+1, 𝑗𝑘+1) >

∑

𝑖∈[𝑁]
𝐶(𝒓′𝑖) +

∑

𝑖,𝑗∈[𝑁],𝑖≠𝑗
𝜆𝑘+1𝑖𝑗  (𝑖′, 𝑗′) (18)

For DRP-CGSTN, it finds the paths

𝒓𝑘+1𝑛 = 𝒓𝑘𝑛 = arg min
𝒓𝑛

𝐶(𝒓𝑛) +
∑

𝑙∈[𝑁−𝑛]
𝜆𝑘𝑛𝑙 (𝑛, 𝑙𝑘) ∀𝑛 ∈ [𝑁−𝑚] (19)

𝒓𝑘+1𝑚 = arg min
𝒓𝑚

𝐶(𝒓𝑚) +
∑

𝑙∈[𝑁−𝑚]
𝜆𝑘+1𝑚𝑙  (𝑚, 𝑙𝑘) (20)

𝜆𝑘+1𝑖𝑗 = 𝜆𝑘𝑖𝑗 ∀𝑖 ∈ [𝑁−𝑚] (21)

Eq. (18) is now
∑

𝑛∈[𝑁−𝑚](𝐶(𝒓𝑘+1𝑛 ) − 𝐶(𝒓′𝑛)) +
∑

𝑖,𝑗∈[𝑁−𝑚],𝑖≠𝑗 𝜆
𝑘+1
𝑖𝑗 ( (𝑖𝑘+1, 𝑗𝑘+1) − (𝑖′, 𝑗′))

> 𝐶(𝒓′𝑚) +
∑

𝑙∈[𝑁−𝑚] 𝜆
𝑘+1
𝑚𝑙  (𝑚′, 𝑙′) − 𝐶(𝒓𝑘+1𝑚 ) −

∑

𝑙∈[𝑁−𝑚] 𝜆
𝑘+1
𝑚𝑙  (𝑚𝑘+1, 𝑙𝑘+1)

(22)

Then, the right-hand side of Eq. (22) is

𝑟𝑖𝑔ℎ𝑡 = min
𝒓𝑚

𝑓 (𝒓𝑚|(𝝀𝑘+1, 𝒓−𝑚|𝝀𝑘+1)) − min
𝒓𝑚

𝑓 (𝒓𝑚|(𝝀𝑘+1, 𝒓−𝑚|𝝀𝑘)) (23)

If we take

𝒓′′𝑚 = arg min
𝒓𝑚

𝑓 (𝒓𝑚,𝝀𝑘|𝒓−𝑚,𝝀𝑘+1) = arg min
𝒓𝑚

𝐶(𝒓𝑚) +
∑

𝑙∈[𝑁−𝑚]
𝜆𝑘+1𝑚𝑙  (𝑚, 𝑙′) (24)

the left-hand side of Eq. (22) is

𝑙𝑒𝑓 𝑡 =
∑

𝑛∈[𝑁−𝑚](𝐶(𝒓𝑘𝑛) − 𝐶(𝒓′𝑛)) +
∑

𝑖,𝑗∈[𝑁−𝑚],𝑖≠𝑗 𝜆
𝑘
𝑖𝑗 ( (𝑖𝑘, 𝑗𝑘) − (𝑖′, 𝑗′))

= [
∑

𝑖∈[𝑁] 𝐶(𝒓𝑘𝑖 ) − 𝐶(𝒓𝑘𝑚) −
∑

𝑛∈[𝑁−𝑚] 𝐶(𝒓′𝑛) − 𝐶(𝒓′′𝑚) + 𝐶(𝒓′′𝑚)] + [
∑

𝑖,𝑗∈[𝑁],𝑖≠𝑗 𝜆
𝑘
𝑖𝑗 (𝑖𝑘, 𝑗𝑘) −

∑

𝑙∈[𝑁−𝑚] 𝜆
𝑘
𝑚𝑙 (𝑚𝑘, 𝑙𝑘)

−
∑

𝑖,𝑗∈[𝑁−𝑚],𝑖≠𝑗 𝜆
𝑘
𝑖𝑗 (𝑖′, 𝑗′) −

∑

𝑙∈[𝑁−𝑚] 𝜆
𝑘
𝑚𝑙 (𝑚′′, 𝑙′) +

∑

𝑙∈[𝑁−𝑚] 𝜆
𝑘
𝑚𝑙 (𝑚′′, 𝑙′)]

(25)

It can be rewritten as
𝑙𝑒𝑓 𝑡 = (

∑

𝑖∈[𝑁] 𝐶(𝒓𝑘𝑖 ) + 𝜆𝑘𝑖𝑗 (𝑖𝑘, 𝑗𝑘)) − (
∑

𝑛∈[𝑁−𝑚] 𝐶(𝒓′𝑛) + 𝐶(𝒓′′𝑚) +
∑

𝑖,𝑗∈[𝑁−𝑚],𝑖≠𝑗 𝜆
𝑘
𝑖𝑗 (𝑖′, 𝑗′)

+
∑

𝑙∈[𝑁−𝑚] 𝜆
𝑘
𝑚𝑙 (𝑚′′, 𝑙′)) + (𝐶(𝒓′′𝑚) +

∑

𝑙∈[𝑁−𝑚] 𝜆
𝑘
𝑚𝑙 (𝑚′′, 𝑙′)) − (𝐶(𝒓𝑘𝑚) +

∑

𝑙∈[𝑁−𝑚] 𝜆
𝑘
𝑚𝑙 (𝑚𝑘, 𝑙𝑘))

(26)

Based on Eq. (15), we have

𝑙𝑒𝑓 𝑡 < 0 + 𝐶(𝒓′′𝑚) +
∑

𝑙∈[𝑁−𝑚] 𝜆
𝑘
𝑚𝑙 (𝑚′′, 𝑙′) − 𝐶(𝒓𝑘𝑚) −

∑

𝑙∈[𝑁−𝑚] 𝜆
𝑘
𝑚𝑙 (𝑚𝑘, 𝑙𝑘)

= min
𝒓𝑚

𝑓 (𝒓𝑚|(𝝀𝑘, 𝒓−𝑚|𝝀𝑘+1)) − min
𝒓𝑚

𝑓 (𝒓𝑚|(𝝀𝑘, 𝒓−𝑚|𝝀𝑘))
(27)

Therefore,

min
𝒓𝑚

𝑓 (𝒓𝑚|(𝝀𝑘+1, 𝒓−𝑚|𝝀𝑘)) − min
𝒓𝑚

𝑓 (𝒓𝑚|(𝝀𝑘, 𝒓−𝑚|𝝀𝑘)) > min
𝒓𝑚

𝑓 (𝒓𝑚|(𝝀𝑘+1, 𝒓−𝑚|𝝀𝑘+1)) − min
𝒓𝑚

𝑓 (𝒓𝑚|(𝝀𝑘, 𝒓−𝑚|𝝀𝑘+1)) (28)

As Eq. (28) does not match with Eq. (14) in Assumption 2, Eq. (16) is valid and optimality also suits 𝑘 + 1.
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