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Calibrating Classification Probabilities with
Shape-Restricted Polynomial Regression

Yonggiao Wang™, Lishuai Li

, and Chuangyin Dang

, Senior Member, IEEE

Abstract—In many real-world classification problems, accurate prediction of membership probabilities is critical for further decision
making. The probability calibration problem studies how to map scores obtained from one classification algorithm to membership
probabilities. The requirement of non-decreasingness for this mapping involves an infinite number of inequality constraints, which
makes its estimation computationally intractable. For the sake of this difficulty, existing methods failed to achieve four desiderata of
probability calibration: universal flexibility, non-decreasingness, continuousness and computational tractability. This paper proposes a
method with shape-restricted polynomial regression, which satisfies all four desiderata. In the method, the calibrating function is
approximated with monotone polynomials, and the continuously-constrained requirement of monotonicity is equivalent to some
semidefinite constraints. Thus, the calibration problem can be solved with tractable semidefinite programs. This estimator is both
strongly and weakly universally consistent under a trivial condition. Experimental results on both artificial and real data sets clearly
show that the method can greatly improve calibrating performance in terms of reliability-curve related measures.

Index Terms—Classification calibration, probability prediction, isotonic regression, semidefinite programming, polynomial regression

1 INTRODUCTION

IN binary classification, one aims to find a labeling function

l: 7 —{0,1} based on a training data {(xmyn)}nj\[:1 C 7%
{0,1} c R? x {0,1} from the distribution of (X,Y). To
achieve this goal, commonly one first obtains a scoring func-
tion s: .~ — R, then predicts the label of one test sample
x € .~ according to whether its score s(x) is above or below a
threshold h € R. If s(x) > b, x is predicted to be from class 1,
otherwise it is predicted to be from class 0. A good scoring
function is expected to rank the samples in a data set from the
most probable member to the least probable member of class
1. That is, for any two samples x; and X, if s(x;) > s(x2),
thenP{Y = 1|X =x1} > P{Y = 1|X = xo}.

However, in many real applications, labeling or ranking
of samples is insufficient for further decision-making tasks.
Often what is needed is an accurate estimate of the probabil-
ity that a sample is a member of the class of interest. Proba-
bility prediction models for classification aim to obtain the
function ¢* : .~ — [0, 1] that minimizes the L, risk, i.e.,

g" :=arg min
g: 7 —0,1]

/[Q(X) — y’dG(x, ), (1)
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where G denotes the underlying distribution of (X,Y). A
probability prediction model g¢(-) is called perfectly cali-
brated, if it satisfies

Vp € [0,1], Pxy)clY =1[g(X) = p} = p. (2)

Certainly the conditional g(x) = P{Y = 1|X = x} is perfectly
calibrated. However estimating P{Y = 1|X = x} is almost
computationally prohibitive, because in practice x is often a
mix of multiple continuous, binary and categorical attributes.

An alternative strategy is the post-processing way that
relies on existing classification models and calibrates their
scores with post-processing methods. It consists of two steps.
First, train a state-of-the-art classification model, such as sup-
port vector machine (SVM) and neural networks (NN), to
obtain classification scores {s(x,)}_, . Second, calibrate these
scores with their class labels to obtain a calibrating (or mono-
tone link) function for probability prediction. The objective is
to seek the calibrating function f* : s(.~) — [0, 1] that satisfies

. N2 X
I,Iﬁin[o;]/[f(é) Yy dG(s,y), ©)

s(7

ffi=arg
B

where G| is the joint distribution of S := s(X) and Y. f(-) is
called perfectly calibrated for classifier s, if it satisfies

Psy)~c Y = 1|f(S) = p} =p. (4)

An ideal calibrating function is f(s) = P{Y = 1|S = s}.

By transforming multivariate estimation to univariate
estimation, the classifier-s calibration (3) provides a simpli-
fication of the general probability prediction problem (1).
This simplification has a great advantage that it frees
the modeler from modifying the learning procedure and the
associated optimization method. Of course the performance
of overall probability prediction of f(s(-)) depends on

Vp € [0,1],
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the scoring function s(-) and the calibrating function f(-) [1].
This paper studies only the estimation of f(-) under the
assumption that we have got s(-). The general probability
prediction that estimates both s(-) and f(-), such as [2], [3] is
not the purpose of this paper.

This probability calibration is pre-requisite for many
state-of-the-art classifiers, such as SVM and NN. These clas-
sifiers only aim to obtain powerful discriminant power,
thus generate scoring functions that have no direct connec-
tion with membership probability [4]. One attempt to build
a classification model is taking probability prediction explic-
itly into consideration ab initio. But this attempt requires
one to carry out a major modification of the objective func-
tion, e.g., by imposing probability-related penalty term and
using a different type of loss function. It could greatly
increase the model complexity and computational cost of
the associated optimization program.

This probability calibration is also pre-requisite for many
probability-related classifiers, such as naive Bayesian (NB)
and logistic regression (LR), which assign to each sample a
score between 0 and 1 that can be interpreted, in practice, as
an estimate of its membership probability. However, NB is
well known for its extreme probability prediction, which
means that most of probability predictions are either near to
0 or near to 1. The reason behind it is the inappropriate
assumption that all attributes are independent given the
class of the samples. LR, as the workhorse in classification
probability prediction, suffers two clear shortcomings. First,
its parametric form s(-) is too simple to be flexible for com-
plex classification tasks in practice. Second, its probability
estimate is biased [5], [6].

The criteria to use in judging a probability calibration
method that we will consider in this paper are:

1)  Universal flexibility. Because of diverse underlying
distributions of (X,Y") and various classification algo-
rithms s(-), the calibrating function f(s)=P{Y =
1|s(X) = s} is often very complicated. A good calibra-
tion method is expected to have the ability to fit any
f(-). An estimator without universal flexibility fails to
approximate well even when the data size approaches
infinite.

2)  Non-decreasingness. The estimated calibrating func-
tion should be non-decreasing over the entire range
under any scenario of training data.

3) Continuousness. In some previous nonparametric
methods, the estimated calibrating function is forced
to be piecewise constant, as shown in Fig. 2. It seems
unsound that an arbitrarily small change of decision
value brings about a large change of classification
probability. Jiang et al. [7] show that imposing the
requirement of smoothness can significantly improve
calibrating performance, because discontinuous func-
tions are too free for fitting.

4) Computational tractability. The involved computa-
tional time should be polynomial with the training
size N.

Many methods have been proposed for the probability cal-
ibration problem. Among them, the most popular parametric
method is Platt [8], in which the calibrating function is
assumed to be a sigmoid function. The major shortcoming of
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Fig. 1. Toy experiment 1: The data set (in scatter plot) and the scoring
function (in contour plot).

parametric methods is the lack of flexibility and the vulnera-
bility to mis-specification. Nonparametric methods also have
been proposed, including histogram binning and isotonic
regression. Section 2 provides a comprehensive survey on
these calibration methods for binary classification, which are
summarized in Table 1. One can also refer to Fig. 1 for a vivid
comprehension of main characteristics of these methods.
However, these existing methods failed to satisfy all of the
above four criteria.

The motivation of this paper is to obtain a universally
flexible, monotone and continuous estimate of calibrating
functions. The requirement of monotonicity involves an infi-
nite number of inequality constraints, because it should be
satisfied by every point of the domain s(.~ ). Non-decreasing
function values at finite points don’t guarantee that the
function is non-decreasing over the whole domain. Worse
than this, semi-infinite optimization theory [17], [18] shows
that the function cannot be guaranteed to be non-decreasing
over the whole range, even when the monotonicity is satis-
fied at an infinite number of points.

This paper proposes to solve the calibration problem with
shape-restricted polynomial regression (RPR). This method
has the following advantages. First, compared with many
existing methods, it has universal flexibility and can fit any
complex continuous calibrating function as the polynomial
degree increases to infinite. Second, it strictly conforms to the
requirement of monotonicity, which is a great advantage
over many existing nonparametric models. Its estimated cali-
brating function is guaranteed to be non-decreasing over the
entire range, and all calibrated probabilities are guaranteed
to fall in the unit interval [0, 1]. Third, the estimated calibrat-
ing function is continuous over the entire range. Fourth, its
estimation can be solved with a computationally tractable
semidefinite program, which can be solved with off-the-shelf
optimization toolboxes, e.g., CVX[19].

The remainder of this paper is structured as follows.
Section 2 reviews previous probability calibration methods,
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including both parametric and nonparametric. Section 3 is
the methodology part that presents the proposed method.
Section 4 is the theoretical part that verifies its universal
flexibility and statistical convergence. The novelty of the
proposed method is illustrated by some experiments in
Section 5. This paper is concluded in Section 6.

In this paper, scalars are written in normal letters, while
all vectors are column written in boldfaced lowercase letters
and all matrices are written in boldfaced uppercase letters.
The ith element of vector a is a;, while the row-i column-j
element of matrix U is U;;. R denotes the real field, R
denotes its subset of nonnegative real numbers, and R%* is
the cone of k-dimension positive semidefinite symmetric
real matrices. For two matrices U, V € R®*, (U, V) is the
inner product of U and V, ie., (U V)=3" Zé‘f:] U;;Vij.
I{-} is the indicator function. E(Y’) denotes the expectation
of random variable Y. P{A} denotes the probability of event
A. N(j1,0?) denotes the normal distribution with mean u
and standard deviation o?. C[a, b] is the set of functions that
is continuous on the closed interval [a, b].

2 RELATED WORK

For the simplicity of notation, let s, := s(x,). We also
assume that these scores have been sorted in ascending
order, i.e., 51 < 59 < --- < sy. The calibration problem stud-
ies how to estimate f() from the training data {s,,, yn}f:[:l.
2.1 Parametric Methods

In [20] the SVM scoring function s(-) is calibrated on the
assumption that two class conditional distributions P{S|Y" =
0} and P{S|Y = 1} are Gaussian with different means and
same standard deviation, i.e., S|Y =0~ N(ug,0?), S|Y =
1 ~ N(p1,0?). Three distribution parameters can be esti-
mated by

N
_ anl S"]I{yn:l}

, £e€{0,1} (5)
Zn:l H{Zln:/}

n=1

| X R 2
b D (3 "N 6) - ©
m=

With the aid of the Bayes rule, we can obtain the posterior
classification probability that has the sigmoid form

J(s) =B{Y = 1|S = 5} = 1/(1 + explag + ars}), (D)

where a( and a; are two constants.

Please note that in this model the standard deviations for
S|Y = 0and S|Y = 1 must be the same. Or else the posterior
classification probability has the following form

P{Y =1|S = s} = 1/(1 + exp{ap + a15 + az25*}), (8)

which evidently violates the requirement of monotonicity.

The major shortcoming of [20] is the assumption of
Gaussian distributions for two class conditionals. For exam-
ple, as shown in [8], the scoring values from SVM are far
from Gaussian. There are discontinuities in the derivatives
of both densities at two margins s(x) = +1, because the
hinge loss of SVMs has discontinuities at +1.
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To free from the Gaussian assumption, Platt [8] estimates
the sigmoid function directly from {(s,,y,)}"_,. Two param-
eters ag and a; can be obtained using maximum likelihood
estimation by minimizing the negative log likelihood.

The key limitation of parametric methods is the unreli-
able specification of functional forms. Although Platt [8] is
very popular in calibrating applications for its simplicity,
[10], [14], [21] found that this form rarely fit the true distri-
bution of scores. For this method fitting errors for samples
that are nearby the separating hyperplane are surprisingly
large. It must be emphasized that the mis-specification error
cannot be alleviated by increasing the training size N.

Both the diversity of the distribution of (X, Y") and the pos-
sible complex function s(-), e.g., the kernel form of SVM, will
make the relationship between S = s(X) and P{Y = 1|S = s}
very complicated. This calls for a calibration model that is
universally flexible and free from mis-specification.

2.2 Nonparametric Methods
2.2.1 Spermic - HistBin

The spermic nonparametric model for calibration is histo-
gram binning (HistBin), also known as quantile binning,
which is proposed by Zadrozny and Elkan [9] for NB classi-
fier. In this approach, first N classification scores are sorted
in ascending order, then they are partitioned into B subsets
of equal frequency, called bins. Given a test sample x, this
approach seeks the bin that contains s(x) and returns P{Y" =
1S = s(x)} as the fraction of positive samples in this bin.
This calibrating function is piecewise constant.

HistBin has the following limitations. First, it may violate
the requirement of monotonicity. The possibility of violat-
ing this requirement increases with B, because the decreas-
ing number of samples in each bin makes the fraction of
positive samples more vulnerable to noises. Second, the cali-
brating function is a piecewise constant and has only B out-
put values. For a given training size NN, larger B leads to a
larger possibility of violating the requirement of monotonic-
ity, while smaller B implies coarser calibration and more
inaccurate probability prediction. Third, because of fixed
partition, probability predictions for scores that lie on the
borders of each bin are less accurate.

2.2.2 Monotone Extensions - IsoReg and Nearlso

IsoReg [10] proposes the first monotone extension, in which
the estimation is the following optimization

1 N )
min — = Un s.t. < ... < pp. 9)
min ;[p Y] 2 P

There is a well-known method, named pair adjacent violators
(PAV) algorithm [22], for computing isotonic regression in
statistics. In this algorithm, first assign all positive samples
with probability 1 and all other samples with probability 0;
second recursively replace a pair-adjacent violator with their
average. If f(s,) > f(s,11) (pair-adjacent violator), update
both with their average. The above replacement is executed
recursively until there is no pair adjacent violator.

Another closely related method is Nearlso [11], [12], which
relaxes the monotonicity-related constraint p; <--- < py
with a soft penalty:

Authorized licensed use limited to: CITY UNIV OF HONG KONG. Downloaded on May 06,2025 at 02:41:28 UTC from IEEE Xplore. Restrictions apply.



1816

N-1
2
] +A Z(pn - pn+1)]l{pn >Ppt1}s

min N Z (10)

peRN

where A € R, is a parameter for the tradeoff between good-
of-fitness and monotonicity. When X = +o00, Nearlso is
equivalent to IsoReg.

Both IsoReg and Nearlso can be regarded as a special
binning algorithm where B and bin sizes are selected auto-
matically. All scores that fall in the same bin obtain the
same probability prediction. The calibrating function of Iso-
Reg is stepwise constant, while that of Nearlso is piecewise
constant, because Nearlso imposes only a soft penalty term.

2.2.3 Continuous Extension - LITE

A continuous extension is LiTE [12], [13], which models the
calibration with the ¢; (linear) trend filtering signal approxi-
mation [23]. The estimated continuous calibrating function
is piecewise linear, instead of piecewise constant. This
method increases the smoothness of the calibrating function
by imposing a penalty on the number of slopes changes

N

1 )
min — - s.t.
min ;[pn vl

Ivlly < B-1, (11
where || - ||, is £ norm, [|v||, = 3=, Iy, 0}, the vector v e RV
is defined as the second order finite difference vector
Pi+2=Pi+1 _ Pi+1=Pi
Si+275i+1 Si41—8i
of pieces. To make the problem convex, this model relaxes
this penalty term from {y-norm to ¢;-norm using the sparsity

property of the /; norm

v = ,and B € N is the maximum number

. 1 &
mingegy <= [0 = ] + AV 12)
Though LiTE can obtain a piecewise linear calibrating func-
tion, LiTE cannot guarantee: (1) p* are monotone; (2) Vn,

pi € [0,1].

2.2.4 Adaptive Extension - ACP

An adaptive extension of [9] is Adaptive Calibration of Pre-
dictions (ACP) [14]. ACP requires the foregoing classifier
produce two values for each test sample x: score s(x) € [0, 1]
and 95 percent confidence interval CI(x) C [0, 1]. The proba-
bility prediction for s(x) is the fraction of class 1 among all
samples s(x,) € CI(x). This method can be regarded as a
K-nearest neighbors algorithm, but K is adaptive for each
s. The calibrating function estimated from ACP is not mono-
tone. Moreover, this method cannot calibrate classifiers
other than logistic regression, because they cannot produce
confidence intervals.

2.2.5 Monotone and Smooth Extension - SmolsoReg
A smooth monotone calibrating function can be obtained by

splines regression
ynl® + )\/’ £ (s)ds

1 N

where s := inf s(+), 5 := sups(~ ), f'™ is the order-m deriv-
ative of f and F is the set of monotone functions in Ls]s, 5].
If m =2, the optimal solution f* is a cubic splines.

(13)
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However, due to the difficult in determining the location of
additional two knots, this cubic splines regression problem
is ill-posed and has no tractable algorithm [24].

In [7] a smooth monotone regression method, abbrevi-
ated as SmolsoReg, is proposed for simplifying problem
(13). Different from monotone splines regression, monotone
splines interpolation is tractable. SmolsoReg consists of two
steps. First, an IsoReg model is trained with {(9,,,y,,)}
Second, f(-) is estimated by applying a smooth monotone
1nterpolat1on algorithm, e.g., PCHIP [25], to the set of points
{5, P }b 1» where s and py are the representative point
and the probability of bth bin obtained by IsoReg. Simula-
tion results in [24] shows that the loss of optimality from
true monotone splines regression to monotone splines inter-
polation is about 30 percent.

2.2.6 Ensemble-Based Models - BBQ, ENIR and ELIiTE

BBQ [15], [16] is an ensemble of multiple HistBin models
with different Bs. ENIR [11], [12] is an ensemble of multiple
Nearlso models with different \s. Elite [12], [13] is an
ensemble of multiple LiTE models with different As. All
above ensemble-based models consist of two steps. First,
estimate several individual calibrating functions inde-
pendently. Second, estimate the final function with the
weighted sum of these individual functions. The weights
are based on the performance of individual models mea-
sured the Bayesian score derived from the BDeu score [26].

2.3 Comments and Challenge

Existing calibration methods and our proposed method are
summarized in Table 1. All the existing methods failed to
achieve four criteria: universal flexibility, monotonicity,
continuousness and computational tractability. This situa-
tion results mainly from the continuously-constrained
requirement of monotonicity, which is imposed on every
point of s(»). The existing methods have to compromise
between these four criteria.

As shown by many efforts in mathematical statistics,
incorporating continuousness into isotonic regression is
much involved. With moving average, [27] seemingly sig-
nificantly increases the smoothness of fitted function by
increasing the number of discontinuous points, but it is still
a stepwise constant function. In [24] this problem becomes
smoothing splines regression, but its computation is intrac-
table for the search of the location of additional two
unknown knots. [28] and [29] impose the monotone con-
straint at only finitely many points, which cannot guarantee
the monotonicity over the entire range. [30] proposes a
Bernstein polynomial based monotone regression, which
satisfies both smoothness and monotonicity. Nevertheless,
it is only a sufficient, but not necessary, implementation,
i.e., it is over-restricted for a given polynomial degree. [31]
transforms the stepwise constant function obtained from
PAV to a piecewise linear function by linear interpolation
between discontinuous segments. This kind of remedy
makes the estimated curve rather rough.

3 METHODOLOGY

Without loss of generality, all scores are assumed to bein [s, 5],
where s := infS, 5:=sup S, S := s(~). In applications, we
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can let s := min s({xy,...,xy}) and 5 := max s({xy,...,xy}).
For a test score s(x) that is beyond [s,3], if s(x) < s, let
s(x) = s;if s(x) > 3, lets(x) = 5.

Different from IsoReg [10], NearIso[11], [12] and LiTE
[12], [13] that only estimate calibrated probabilities at
{s,}_,, this paper estimates f(-) by nonparametric regres-
sion with random design

(14)

min
feF

1 & 5
Nzl[f(sn) - yn] )

where F be the family of continuous calibrating functions

f(s) >0, f(3)<1

7= {f € Cle3] f(s) is non-decreasing over [s, 3] } (15

The main challenge of the optimization problem (14)
comes from the requirement of monotonicity, because it
should be satisfied by every point in [s, 3]. It consists of an
infinite number of inequality constraints, which make this
problem very hard to solve. In [32] the requirement
is replaced with f(s1) <--- < f(sn). In [28] the requirement
is replaced with the monotonicity of function values at equi-
distant grid points. However, monotone function values at
finite points do not guarantee that the function is monotone
over the entire range. Worse than this, semi-infinite optimiza-
tion theory [17], [18] shows that the function cannot be
guaranteed to be non-decreasing over the whole range, even
when the monotonicity is satisfied by infinitely many points.

This estimation problem (14) can be regarded as a shape-
restricted nonparametric regression that has a long history
in statistical literature with seminal works dating back half
a century, e.g., [33] and [34]. Common shapes analyzed in
nonparametric regression are monotone [35] and convex
[36], [37]. This area has found successful applications in
many areas, including econometrics [38] and change detec-
tion [39].

This paper proposes to solve (14) with shape-restricted
polynomial regression, in which f has the following form

k
f(S) :a0+a15+"'+ak5k:za‘/sl' (16)
=0

The family F is replaced with a set of restricted degree-k
polynomials

k k
Za@‘ >0, Zaﬁ[ <1
=0 =0

k
i lags"™ > 0,Vs € [s,3]
Pi(s) = Zawf ;
k

=0

an

The requirement of monotonicity becomes 25:1 als'1 >0,
Vs € [s,5], which arises from the differentiability of f(s) =
ZIZ:O ass’. Here we use the ¢;-norm regularization of a for
overcoming over-fitting.

1817
Thus the calibration problem becomes
1 N k 2
: ¢
— . — 18
T 530 R I
k k
s.t. Za@z >0, Zaﬁz <1 (18b)
=0 =0
k
Za[&sé—l >0, Vse€ls,3 (18¢)
=1
k
> add < A (18d)
=0

Because Zf;:l als'™ > 01is continuously constrained over
[s,5], problem (18) is a semi-infinite program with k + 1 deci-
sion variables and infinitely many inequality constraints.
Semi-infinite programs are well-known computationally
intractable in numerical optimization. Generally, they can
only resort to heuristic algorithms, such as discretization-
based methods. These methods replace these infinitely many
constraints with finitely many constraints, but fail to guaran-
tee the feasibility of their approximated solutions.

Fortunately, thanks to the following lemma [40, Theorem
9, Theorem 10], this requirement of monotonicity (18c) has
an equivalent semidefinite representation. Therefore, this
semi-infinite problem (18) can be transformed to a semide-
finite program with finite decision variables and finite
inequality constraints. Let H,, ¢ be the n x n Hankel matrix
with row-i column-j element

.. 1’
o= {p

Lemma 1. Consider the polynomial p(s) = ag + a1 + -+ - + as",
s € [s,3].

itj=1

otherwise. (19)

(1) When kis even, e.g., k = 2k, ki € N, p(s) is nonnega-
tive on the closed interval [s,s], if and only if there
exist positive semidefinite real symmetric matrices U €
RFX ) and V € RFM satisfying

a¢ = (Hp, 11,042, U) + (=85Hy, r42lr<ok, —2)

_ (20)
+ (8 +8)Hy i1l 1<e<or, —1y — Hiy (lje2y, V),

forall £ =0,...,2k.

(2)  When kisodd, k =2k — 1, k; € N, p(t) is nonnega-
tive on [s,’s], if and only if there exist positive semide-
finite real symmetric matrices U € RM"M  and
V € RFM satisfying

ag =(—=sHp, o2l fp<on, —2) + Hp ey1l{e1y, U) 1)

+ (SHy, ol ir<on, 2y — Hiyeilye=1y, V),
forallt =0,...,2k — 1.

With a straightforward application of Lemma 1, problem
(18) can be transformed one of the following two programs
according to the parity of k.
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In case of even k. Let k; = k/2. The coefficients a can be
obtained by solving the following semidefinite program

N k 2
aIP[IiTI\II |:Z CL[SfL - yn:| (22a)
n=1 | /=0
k k
sty as' >0, Y a5 <1 (22b)
£=0 =0
éaz = <_§Hk1¢£+1ﬂ{[§2k171} + Hkl.éﬂ{(ZQ},U>
-+ <§Hk1 ,f+1]I{/,‘§2k1 -1} — Hklﬁ[]I{IfEQL V> (22C)
V=1,...,2k
k.
> lad <A (22d)
(=0
ac R UV eRIM, (22¢)

In Case of Odd k. Let ky = (k + 1)/2. The coefficients a can
be obtained by solving the following semidefinite program

?11111\1/ LZ; a/sn yn} (23a)
k k ‘
s.t. Za(gk >0, Zaﬁ[ <1 (23b)
=0 =0
Cag = (Hy 41,0401, U) + (—55Hp, e41l <ok, -3}
+ (8 4+ 3)Hy, (M1<r<or,—2y — Hryoo1lje2y, V) (230)
VE=1,... 2 —1
k.
> la < A (23d)
=0
acR™ Ue RN v erPxti-l), (23¢)

If the optimal solution is (a, U, V), the estimated calibrat-
ing function is

Fn(s) = ags’ (24)
=0
and the probability prediction for a test sample x is
k
P{Y =1[X=x] =) dss (25)

=0

The calibration problem (18) has exactly one optimal solu-
tion for the following two reasons. First, the feasible set of
(18) is closed and convex, because it is the intersection of an
infinite number of closed half-spaces. Second, the objective
function (18a) is strictly convex with respect to decision varia-
bles a.
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Semidefinite programming is a generic convex optimiza-
tion that be efficiently solved by off-the-shelf toolboxes, e.g.,
CVX [19]. The worst case number of iterations required to
solve SDP (22) or (23) to a given accuracy grows with prob-
lem size as O(N'/?). In practice the algorithms behave very
similarly and much better than predicted by the worst-case
analysis. It has been observed by many researchers that the
number of iterations required grows much more slowly
than N'/2, and can often be assumed to be almost constant
(see [41, Section 6.4.4] or [42] for comments on the average
behavior). For a wide variety of problems and a large range
of problem sizes, the methods described above typically
require between 5 and 50 iterations. Each iteration can be
solved in O(N?) operations using direct methods. Therefore,
regularly the computational cost of this estimation is as
cheap as O(N?).

4 THEORETICAL ANALYSIS

The first subsection verifies the universal flexibility of the
proposed method, and the second subsection proves the
weak and strong convergence of the proposed estimator.

4.1 Universal Flexibility
Let P;; be the set of restricted algebraic polynomials with
degree < k

P.:[s,5] =R

k k

Zaﬁf >0, Za@f <1
(=0

ZG/S Zﬂagsé 1'>0,Vs € [s,5]

(26)

If P.(t) = Eé’z[] ags’ € Py, Zf:n ags’ + 0 x s € Pryy. Hence,
the sequence of function sets P;, Ps, ..., isnested in F, ie.,

Py C Py CP3C--- CF CCls,s| C Lyls, 3. (27)

To verify the universal flexibility of U°,P;, we must
show that for any calibrating function f € ]-' and any arbi-
trary error € > 0, there exist one k€ N and a degree-k

monotone polynomial P € P such that

If = Prll = sup [f(s) = Pi(s)| < e

s€s,3]

(28)

To obtain this, one cannot resort to the Weierstrass approxi-
mation theorem, which states that every continuous function
defined on a closed interval can be uniformly approximated
as closely as desired by a polynomial function. Even though
the approximating function provides a nice approximation,
there is still a possibility of violating the requirement of
monotonicity at some points of the range.

The universal flexibility is equivalent to the denseness of
UZ,Pr in F with respect to the uniform norm on s, 3].
Before presenting the theorem on denseness, we introduce
the definition of the modulus of smoothness [43]. The mod-
ulus of smoothness of order n of a function f € Cls,s] is the
function w,, defined as

on(f,h) == 29

sup
s€[ss—nh

| 1A% (f 5)
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and

o, (f h) fa)n<f, ) for h > Ts, (30)

where A} (f,sy) is the finite difference (nth order forward
difference) defined as

n

Ni(fos0) = (0" (D) fso+ik). 6D

=0

For example, when n = 2,
A7 (f,50) = f(s0 + 2h) — 2f(so + h) + f(s0)- (32)

Theorem 2. U;° | Py, is dense in F with respect to sup-norm.
Proof of Theorem 2. This theorem means that, for any
fer,

lim min ||f Pillo

k—o00 PLEP),

(33)

This proof is mainly built on [44, Theorem 3.5], which
analyzes the approximation error of monotone polyno-
mials for a monotone function in the uniform norm. This
theorem shows that for any non-decreasing function
g € C[-1,1] there is an algebraic polynomial Gj with
degree < k that is non-decreasing on [—1, 1] and satisfies

g — Grll < Cyoa(g,1/k), (34)
where (), is an absolute constant. For any f € F, if
1
9(2) ::f<§+Z; (§—§)>, (35)

g:[—1,1] — [0,1]is a non-decreasing function. According
to the above theorem, there is a non-decreasing polyno-
mial Gy, : [-1,1] — R with degree < k that satisfies (34).

(1)  When {Gj(2) : z € [-1,1]} C [0, 1], if we let

f_ﬁ), (36)
S—s

Pk(s) = Gy, (—
we have P, € P;. Therefore,

|£(s) = Pu(s)| = lg(2) — Gi(2)| < Cyn(g, 1/k). (37
(2)  When{Gy(2): z € [-1,1]} ¢ [0,1], G := Gix(—1) <
0 or G:=G(1) > 1. So P, obtained from (36)
doesn’t satisfy the requirement of boundary, i.e.,
s € [s,3], Pu(s) €10,1], and thus P, ¢ Pr. How-

ever, by scaling into [0,1] the following function

Gi(-1+222) -G

P(s) = e

5 (38)
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satisfies P € Py. Moreover,
|£(s) = P(s)]
_ Gi(2) -G
=|9(2) ——=— e
_19(2)G = Gr()G + Gi(2)G — Gi(2) — 9(2)G + G|
G -G
_9(z) = Gr()IIG] + |GK(2)|IG — 1] +|Gllg(2) — 1]
- G -G
- Cowa(g,1/k)(3 + 2Cywa(g, 1/k))
- 1 —2C,w2(g,1/k)
(39)
The last inequality follows from the fact
Gl < (g 1B, [G =11 < Congr1/R). (0

Summarizing (37) and (39), we have

|f(s) — P(s)] < Cyms(g, l/k){l’ 1 —2C,ws(g,1/k)

Because the inequality holds for each s € [s, 3],

3+ 2C,wa(g, 1/k;)} 42)

_ Pl <
If lloe < "1 —2C,ws(g,1/k)

Cywa (g, 1/k){1
From the property of modulus of smoothness
limy,_ o+ wa(g, h) = 0, we obtain

3+ 2C wy(g,1/k)

Jim Cponfa. 1/ {1, 3 5C A0

} =0. (43)
Since minp,ep, ||d — Pyl < [ld — P|..., we obtain Eq. (33)
and the denseness of U°, P, in F. m]

Let the two parameters of F y (17) vary with the data size
N, and rewrite k as ky and A and \y.

Theorem 3. If ky 1 oo and Ay | co, UX_Fy is dense in F
with respect to sup-norm.

Proof of Theorem 3. First we note that

kn kn
Fn =P N {Z ags’ Z las| < )\N}. (44)
=0 =0

According to (27), if ky T oo and Ay T oo,

FICFyCFsC---CFCCls,s CL*s,5.  (45)

By Theorem 2, Uy_, F v is dense in F with respect to sup-
norm. ad

4.2 Universal Consistency

In this paper the calibration problem is solved by nonpara-
metric regression estimation with random design, which
means that all s,s are random variables. Assume (5,Y),
(s1,91), (S2,92), - - - are independent and identically distrib-
uted (i.i.d.) random variables. Let Dy be the set of data
defined by Dy = {(s1,41),...,(sn,yn)}. In the proposed
model (24) one uses the data Dy in order to construct an
estimate fy : [s,5] — [0, 1] of the regression function
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fls)=EY =1]|S=5s) :argmqinlE\Y—g(S)F. (46)

Theorem 4. If {ky} and { Ay} satisfy
/\NTOO7 kNTOO, kN/NHO (47)
then,

(@) A fN} is weakly universally consistent, i.e.,

i &{ [(76) ~ i@} =0 a9

N—oo

for all distributions of (S,Y).
(b)  {fn} is strongly universally consistent, i.e.,

Jm ()~

for all distributions of (S,Y).

*1u(ds) = 0, with probability 1

(49)

Proof of Theorem 4. This proof is mainly based on [45,
Chapter 9 and 10].
According to [45, Lemma 10.1], we have, for every
ferF

/ 1 (s) — £(5)Pulds)
gg}fv/@ s)[*pa(ds) (50)

+25upg€;]\,

}VZ 9(s2) — wnl® ~ B{(9(5) — ¥)*} .

n=1

In order to get universal consistency of { fy} it suffices to
show that both terms converge to 0 for all distributions
of (5,Y).

(i)  This part verifies the convergence of the first term
in (50). From Theorem 3, for every fe F, if
Ay T ooand ky T oo, we have

lim min || f — gl (51)

N—oo geF

which implies that

A inf / lg(s) — f(s)[’u(ds) =0 (52)
for all probability measure p with support [s, 5].
(ii)  This part verifies the convergence of the second
term in (50), which is more technical.
> e},

Let Py(e) :=
—yl* —E{(9(5) - Y)*}
—y.ge Fn}. (53

1 N
N Z |g(sn)

n=1

P { SUPgery
and

Hy = {h: h(s,y) = [g(s)

According to Theorem 9.1 and Lemma 9.2 in [45], we
have

Py(€) < 8EM,(¢/8, Hy, Dy) - exp{—Ne*/128},  (54)

where M;(¢/8,Gn, Dy) is the Ly ¢/8-packing number of
Hy on Dy ([45, Definition 9.4]).

Because g(s) € [0,1] forall g € Fy, wehave |g(s) — y|* €
[0,1] for all s € [s,3],y€{0,1},9g€ Fn. Let hi(s,y) =
|gi(s) — y|” for some g; € Fy. Then

N2|h1 Smyn h?(snayn”

N

Z gl(Sn

n=1

<2_Z|gl n )|

Thus, if {hs,...,} is an €/8-packing of HN on Dy, then
{g1,- .., g} is an ¢/16-packing of F on {s,}_,. Thus

— 92 517)| : |g1(sn) + gZ(Sn) - 2yn‘ (55)

EM, (¢/8, Hy, Dy) < EMi(e/16, Fx, {s,} ).  (56)

By Theorem 9.4 of [45] we can bound the latter term

M,y (e/16, Fy, {sa}2)) <3(%1 436) f“”’, (57)

where Vf+ is the Vapnik-Chervonenkis (VC) dimension
of

Fy =Gy :y<g(s)} g€ Fn}. (58)

Because

fEC{{(s7y) y < g(s Zazs}

ky
< {{(573/) : Zaeé’[—%byZO} : bER,aeR’ﬂv}

=0

Theorem 9.5 of [45] implies

Ve <ky+1 (59)
N
Therefore
32e. 48e\ N T! Ne>
P, <24 lo -
O e I B B
32¢ 48¢\ "V T Né?
<oq 22 i 1
= ( e ¢ > eXp{ 128} (6L
48¢  Ne
< 24 k 1log — — — 2
< eXp{ (kx + 1)log — 128} (62)
62 kZN +1 48e
= 24exp{—N(1—28 -2 N log T) }, (63)
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where (60) = (61), we have used log(z) <z—-1<=z
(x > 0).
(iii) If kn/N — 0, we have > N_; Pv(e) < oco. This,

together with the Borel-Cantelli lemma, we obtain

N

D lolse) — vl B{(9(5) - V)*)

n=1

lim sup =0,

N—oo geF

with probability 1. Since (50) and (52), condition (47) is
sufficient for the strong universal consistency of {fx}.

If ¢ is a nonnegative random variable, for an arbitrary
e > 0, we have

E(¢) = /000 P{¢ > z}dx < e—l-/c>C P{¢ > z}dzx. (64)

} (65)

Following this,
1 & 2 2

E n n|” —E S)-Y
{gsggi N;W(s ) = yal” = E{(9(S) = Y)7}

_ + o (18 "\“ N
=¢ ¢ 1

t

ol )0
<e+24 (4§€> MH)/{ exp{f%est}dt (66)
—e+24 (4_§e> 2<kN+l)% exp{f ]1\77682} (67)
—e+%exp{—N<%—2kNA—;llog 4—36)} (68)
—0 (N — o0). (69)

With € — 0, together with (50) and (52), this result fol-

lows that { fy'} is universally weakly consistent. ]

At the end of this subsection, we must emphasize that, to
achieve statistical convergence, one doesn’t need to impose
any constraint on Ay except Ay T occ. Thls merit stems from
the uniform boundedness of [¢(S) — Y|* over Fy.

5 EXPERIMENTS

5.1 Experiment 1: lllustrative Comparisons
The data, shown in Fig. 1, were generated in the following
way:

X = (Rsin®, Rcos#)', 6 ~ Unif (0, 27)
R|Y =0 ~ Beta(2,5), R|Y = +1 ~ Beta(5,2),

where Unif(a, b) denotes the uniform distribution with sup-
port [a,b], and Beta(e, ) is the Beta distribution with shape
parameters o and B. This data contain 100 samples from
class 0 and 100 samples from class 1. The foregoing classifier
is SVM with RBF kernel (0? =1). The estimated scoring
function s(-) is shown as contour plot in Fig. 1.

Because the true membership probability is never unknown,
we must resort to the empirical probability estimated with a
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very large test data, which are generated in the way same as
the training data. In this experiment, the test data have 400,000
samples: 200,000 from class 0 and 200,000 from class 1. Because
the test size is very large, empirical probabilities can be
regarded as true probabilities for model comparison in this
experiment.

For piecewise constant calibrating functions, which are
estimated from HistBin, IsoReg, Nearlso, and ACP, the
empirical probability of s € [0,1] is the fraction of class-1
samples among the samples with s(x) = s. Because continu-
ous calibrating functions, which are estimated from Platt,
LiTE, SmolsoReg, and RPR, have infinitely many values, we
should use the common discretization method. The 400,000
predicted probabilities are partitioned into 100 equal-
frequency bins. For each bin, the predicted probability is the
simple average of predicted probabilities in this bin, and the
empirical probability is the fraction of class-1 samples
among the samples whose probabilities fall in this bin.

In this experiment, we consider all eight individual cali-
bration methods listed in Table 1. In HistBin, B = 25. In
Nearlso, A = 2. In LiTE, A = 2. In RPR, k£ = 16 and )\ = 10°.
Because SVM cannot output a confidence interval for each
sample that ACP needs, ACP predicts the membership
probability of x to be the fraction of positive samples among
the training samples whose scores s(x,) are N x 5% most
closest to s(x). The above hyperparameter settings are arbi-
trary just for illustrating purpose.

Experimental results are shown in Figs. 2a, 2b, 2c¢, 2d, 2e,
2f, 2g, and 2h. In each subfigure, the left panel plots the cali-
brating function, i.e., s — f(s) = P{Y = 1|S = s}, and the
right panel is the reliability curve that shows the relation
between predicted probability P{Y =1|S =5} and the
empirical probability that is regarded as the true probability
P{Y = 1|S = s}. In general, perfect calibration corresponds
to a straight line from (0,0) to (1,1). The closer a calibration
curve is to this line, the better calibrated is the associated
prediction method.

In terms of monotonicity, HistBin, Nearlso, LiTE, and
ACP fail to obtain monotone calibrating functions due to
the lack of the requirement of monotonicity. In terms of con-
tinuousness, the estimated calibrating function from Hist-
Bin, IsoReg, Nearlso, and ACP are piecewise constant, and
that of LiTE is piecewise linear and continuous. Platt, Smol-
soReg, and RPR achieve continuous and monotone calibrat-
ing function. Among the eight models, RPR achieves the
best calibrating function in terms of both qualitative and
quantitive criteria.

For Platt, calibrating errors at about 25 and 75 percent
quantiles are very large, which agrees with many previous
publications. Compared with the better calibrating function
obtained from RPR, this sigmoid-based calibrating function
has a steeper slope in the middle and flatter slope in two
tails. The exponential form of the sigmoid function makes it
fail to capture fat tails in applications. This mis-specification
error cannot be reduced by increasing the training size.

5.2 Experiment 2: On Hyperparameters k£ and \

This experiment uses the Adult data from the UCI machine
learning repository [46], which has 14 features and 45,222
samples (after removing samples with unknown features).
The calibrating objective is to predict the probability of
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TABLE 1

Qualitative Comparison between Calibration Methods
Name Method Function Flexibility =~ Monotonicity =~ Continuousness Complexity
Individual
Platt [8] Logit regression Sigmoid - + + O(NT)
HistBin [9] Histogram binning Piecewise constant + - - O(Nlog N)
IsoReg [10] Isotonic regression Stepwise constant + + - O(NlogN)
Nearlso [11], [12] Nearly isotonic regression Piecewise constant o - - O(Nlog N)
LiTE [12], [13] {;-linear trend filtering Piecewise linear o - + O(NlogN)
ACP [14] Adaptive calibration Piecewise constant o - - O(Nlog N)
SmolsoReg [7] Isotonic splines interpolation Cubic splines - + + O(N?)
RPR(this paper) Restricted polynomial regression ~ Polynomial + + + O(N?)
Ensemble
BBQ [15], [16] Ensemble of HistBin Piecewise constant + - - O(NlogN)
ENIR [11], [12] Ensemble of Nearlso Piecewise constant o - - O(N?)
ELITE [12], [13] Ensemble of LiTE Piecewise linear o - + O(NlogN)

In the last four columns, +:satisfied, -: unsatisfied, o:unknown. T is the number of iterations required for convergence of the Platt method.
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Fig. 2. Experiment 1: An illustrative comparison between various calibration models on a simulated data. In each subfigure, left panel: The estimated
calibrating function; right panel: Reliability gram.
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earning more than $50k. The percentage of the positive class
in the first data is 24.78 percent. 80 samples are randomly
drawn for SVM training (RBF kernel with o? = 1) and prob-
ability calibration. The other samples are used to construct
the empirical calibration function, since its size is very large.

We estimate the calibrating function by RPR with differ-
ent polynomial degrees: k = 4,6, 8,40. In these four models,
the tradeoff parameter A is fixed at 100. Figs. 3a, 3b, 3c, and
3d show four estimated calibrating functions and four corre-
sponding reliability curves. It is clear that the estimated cali-
brating function adapts better with the data as the
polynomial degree increases. When k is small, the calibrat-
ing function achieves poor out-of-sample performance for
the sake of deficient flexibility and under-fitting. However,
when £k is very large, the calibrating function also achieves
undesirable out-of-sample performance for the sake of
excessive flexibility and overfitting.

We also study the effect of A with four values: 1, 10, 100,
1000. In these four models, k is fixed at 16. As shown in
Figs. 3e, 3f, 3g, and 3h, the estimated calibrating function
can achieve more flexibility as the polynomial degree
increases. When A is small, this polynomial is too restricted
to achieve nice in-the-sample and nice out-of-sample perfor-
mance. When X is very large, however, this polynomial
seems to be too free and overfit the training data.

Compared with Fig. 2h, RPR in this experiment provides
worse calibrating performance. The calibrating performance
depends on two terms: the approximation error (the first
term in Eq. (50)) and the estimation error (the second term
in Eq. (50)). In this experiment, the small training size
(N=80) makes this estimator subject to large estimator error,
though it is capable of achieving nice approximation for its
great flexibility.

Compared with all reliability grams in Fig. 2, these reli-
ability curves in this experiment are rougher. This differ-
ence is caused by different test sizes in the test step. When
the number of samples in each bin is smaller, the fraction of
positive class is subject to larger deviation. In experiment 1
the number of samples in each bin is 4,000, while in experi-
ment 2 the number of samples in each bin is 400.

At the end of this subsection, we must emphasize that the
requirement of monotonicity itself plays a similar role in
terms of reducing overfitting. Polynomial regression with a
high degree is widely criticized for its overfitting. Its esti-
mated curve frequently displays wide fluctuation. The
monotone shape-restriction is a very strong restriction on
this polynomial, because the estimated polynomial cannot
be wiggly at least.

5.3 Experiment 3: Performance Comparison

This subsection compares eleven calibration models listed
in Table 1 with two real data sets from UCI machine learn-
ing repository [46]. The first data set is the Adult data. The
second data set is Bank Marketing, which has 20 features
and 45,211 samples. The calibrating objective is to predict
the probability of subscribing term deposits.

Performance comparison is based on two intuitive statis-
tics that measure calibration relative to the ideal reliability
diagram: Expected Calibration Error (ECE) and Maximum
Calibration Error (MCE). In computing these measures, the
predictions are sorted and partitioned into K = 100 fixed
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number of equal-frequency bins. For each bin, the predicted
probability and the empirical probability are computed in
the way same as that in Section 5.1. The ECE calculates aver-
age calibration error over these bins, and MCE calculates the
maximum calibration error among these bins, i.e.,

K

ECE = i_iK7 MCE = v — Gl
C ;Ip, eil/ CE= max |pi —ei

(70)

where e; is the empirical (or observed) probability, which is
regarded as the true fraction of positive instances in ith bin),
and p; is the predicted probability (the mean of the post-
calibrated probabilities for the instances in :th bin). Lower
values of ECE and MCE mean better calibrating performance.

Two foregoing algorithms are used to obtain the scores
for estimating calibrating functions: logistic regression and
SVM with RBF kernel. The kernel parameter o2 is deter-
mined by 4-fold cross-validation with choices {107}}° | .
All ensemble-based methods, i.e., BBQ, ENIR and ELiTE,
use the default settings of the toolbox that is available at
https://github.com/pakdaman/calibration.git. The num-
ber of bins for Histogram Binning, and the tradeoff parame-
ter A for both Nearlso and LiTE are based on the best
Bayesian score derived from the BDeu [26]. When logistic
regression is applied as the foregoing classifier, predictions
of ACP use 95 percent confidence interval. When SVM is
applied, ACP is simplified as K-nearest neighbor prediction
with K = round(N x 5%).

The determination of hyperparameters for other methods
is based on 2-fold cross validation. For RPR, the choices for
the polynomial degree k are {4,5,...,20}, and the choices
for X\ are {5'};" . For SmolsoReg, the choices for ), the
trade-off parameter of the smoothness term, are {2/}}° | .
Model evaluation is based on the MCE measure with bin
size K = 10. After obtaining the best hyperparameters by
cross validation, we train these models with the whole train-
ing data and these optimal hyperparameters.

Other commonly used performance measures, such as
area under ROC curve (AUC) and classification accuracy,
will not be used, because these measures evaluate how well
the methods discriminate class-0 and class-1 instances. A
strictly monotone calibrating function will not alter the
ROC curve. Since P[Y = 1|X = x| is hard to estimate, model
comparison based on performance measurement associated
with the overall probability prediction problem (1) is almost
infeasible. Therefore, model comparison in this paper is
based on only two reliability-curve related measures.

The whole data are randomly partitioned into training
data and test data. To show calibrating performance of these
models under different training sizes, we randomly draw 200
or 500 samples as training data and the residual samples as
test data. The test size is very large (more than 40,000), which
can make the empirical probability in each bin very close to
the true probability. We first train foregoing classification
models and train calibration models using the same training
data, second evaluate calibrating performance with the test
data. To reduce statistical variability, the above partition and
evaluation are executed 50 rounds. The final model compari-
son is based on the average of these 50 rounds.

Calibration results with foregoing classifier logistic
regression are shown in Table 2. Calibration results with
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Fig. 3. Experiment 2: Experimental results of RPR with various k& and A on the Adult data. In each subfigure, Left panel: The estimated calibrating

function; right panel: Reliability gram.

foregoing classifier SVM are shown in Table 3. The main
features are summarized as follows.

1) The proposed RPR achieves dominated advantage
over other ten calibration methods. In the experi-
ment with LR scores, RPR achieves 7 best perform-
ances, and in the experiment with SVM scores, RPR
achieves 5 best performances and 3 second best per-
formances. We believe that this advantage results
from the exploit of domain knowledge on calibration
functions, i.e., monotonicity and continuousness.

2)  On the whole, in most methods calibration perfor-
mance increases with training size N. Calibration
methods that exploit less domain knowledge can

Authorized licensed use limited to: CITY UNIV OF HONG KONG. Downloaded on May 06,2025 at 02:41:28 UTC

3)

achieve greater marginal improvement. This is
clearly verified by going through that of HistBin,
which exploit no domain knowledge at all.
Ensemble-based models can achieve better calibrat-
ing performance than their corresponding compo-
nent models in general.

5.4 Experiment 4: On Computational Time

This subsection shows the computational time of the pro-
posed method with the Adult data. This experiment is run
on a common PC with Intel Core i5-2400 CPU @3.10 GHz
and 4 GB RAM. We consider 9 training sizes {150 x 2/}>_.
For each N, we draw randomly N samples and record CPU
time of RPR. The above ?rocedure was repeated 10 times

T
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TABLE 2
Calibration Results Based on Logistic Regression Scores
Adult Bank Marketing
N = 200 N =500 N =200 N =500
ECE MCE ECE MCE ECE MCE ECE MCE
Platt 8918 +£2337 3.734+£0.989 7.953+£3.158 4.179+£1.185 9.107+3.143 3.175+1.588 8576 +£3.545 4.130 + 1.271
Hist 11.038 £2.981 5931 +£1.690 7.0414+2498 2504+0.834 13.922+4.083 4.858+0.832 835442575 3.882+0.921
Isoreg 7500 £2.318  4.074+£1309 7.091+£2.625 2483+0.643 9.064+2.076 3.139+1.195 7.130+2.800  3.005 + 0.470
Nearlso 10.561 £3.057 3.385+1.542 8.071 £3.265 3.202+0.893 11.267 £3.045 6463 +1.502 8.677+1519 3.110 £ 0.914
LiTE 6.978 £3273  3.073+£1.032 5453 +£2480 2.7894+0.979 7.902+£2775 2.629+1465 62872295 2.899+0.844
ACP 9.8754+2917 3.639+£1304 8.025+3.165 316441524 9.277+3486 4.034+1.146 8.173+1.732 4.705+1.644
SmolsoReg ~ 6.872+£2.001  2.901+0.562 5.071+£2.321 2720+0.786  6.5324+1.521  2.612+1.213  4.569 £2.329  2.044 +0.768
RPR 4291+1212  1.6774+0.734 3.615+1.881 2613+0751 4.817+1388  2.539+£0.727 4.351+2.289 1.952 4+ 0.901
BBQ 5752 +2981  3.643+0.735 5.468+3264 2557 +1.266 10.820+2.405 2938+1.179 6.641 £3.510 2329 + 1.069
ENIR 6.687 £2.079  2.691+£1517 7.660+£3.616 2909+1.140 6.816+1404 2.631 +£1.416 6.985+2.489 3.152+£1.212
ELIiTE 6.731+1.885 2492+1.093 4.110+2.109 224440718 6.300+2303 3.590+1.288 5.836+1.992 2.143 + 0.666

In each cell a £ b: a is the average and b is the standard deviation of 50 performances. The best performance in each column is in bold. The second best performance

in each column is underlined.

TABLE 3
Calibration Results Based on SVM Scores
Adult Bank Marketing
N =200 N =500 N =200 N =500
ECE MCE ECE MCE ECE MCE ECE MCE
Platt 8.684 +2538 4971 +£1.956 8.442+3.866 4.043+3.795 7.061 £2.990 5.500+ 1.438 6.536 +4.277  4.594 + 2.825
HistBin 11.785 +3.924  7.227 +4.389 6.947 + 3594  4.640 £2.725 12289 +£5.759  6.443 +3.495 8.353 +3.222  4.407 +2.797
IsoReg 9.732 +4.062 5301 £3.809 8.875+3.319 4487 +3.126 9353 +4.495 5.4564+2.019 8.1134+3.909 5.268 + 1.995
Nearlso 13.381 + 4.558 8299 +2.772 10.543 +3.948 6.259 +3.864 11.901 +4.470 4.275+2357 5262 +3.821 3.962 4 2.548
LiTE 8722 +4.628 5695+3552 6.835+5.725 3.817+3456 8512+3.017 478542371 6.419+5468 5.290 + 3.137
ACP 8.023£2.898 3.017+1.154 7.0334+2796 2.628+1.069 7.425+2578 3.417+0.997 7.170+2.775 3.31441.120
SmolsoReg ~ 5.005+2.385 3543 +1.129 5295+2122 28204+ 1.127 5541 +£2718 2473+1.663 5.968+2715 3.071 +1.236
RPR 4440 +1.601 223940932 4.362+1.965  2.002+1.219 4.704 2761  2.615+1.038 4549 +1.828 2.549 + 1.250
BBQ 8.007 £4.298  4.936+2.052 7.897 +4.405 4.609+2965 6.199 +4.648 4.075+1.787 6.256 +3.897 3.580 + 1.798
ENIR 9314 +4981 4303+1.768 8.115+3.399 4.373+2.841 7574+2351 4.0414+2.037 6.1544+2.738 3.036 + 1.642
ELITE 8292 +£2.113 4539+2.069 6583+2605 2.851+1.175 6.589 +3.563 3.648 +0.958 4.138 +£2.030 2.354 + 1.161

In each cell a £ b: a is the average and b is the standard deviation of 50 performances. The best performance in each column is in bold. The second best performance

in each column is underlined.

and their statistics are shown with boxplot in Fig. 4. The
computational time is within 10 seconds, even when
N = 38400, which is sufficiently large for most practical
applications. Moreover, in all SDP optimization the num-
bers of iteration are between 19 and 23. It seems that the
number of iterations is independent of the training size V.

8 = T T T T T T T T # 3
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=
6 i
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—
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—_ = + = &= =
150 300 600 1200 2400 4800 9600 1920038400

N

Fig. 4. Experiment 4: Boxplot of computational time of RPR (in seconds).

6 CONCLUSIONS AND FUTURE WORK

This paper proposes a shape-restricted polynomial regres-
sion for probability calibration problem. This method has a
great advantage over existing methods, because it satisfies all
four criteria for calibration methods. Experimental results on
both toy and real data sets clearly demonstrate that the pro-
posed method can achieve better calibration performance
than other methods. Its advantage is apparent because it
exploits domain knowledge on calibrating functions.

Further work includes two directions. One is an exten-
sion to multiple classifiers [32], [47], in which probability
calibration is based on multiple scoring functions. The ques-
tion is how to ensemble multiple classification algorithms to
achieve better membership probability prediction. The
other is an extension from binary-class to multi-class or
structured classification problems [48].

ACKNOWLEDGMENTS

The work was supported by National Natural Science Foun-
dation of China (71571163), Zhejiang Natural Science Foun-
dation (LY19G010001), Hong Kong Research Grant Council,
Early Career Scheme (21202716), Hong Kong Innovation

Authorized licensed use limited to: CITY UNIV OF HONG KONG. Downloaded on May 06,2025 at 02:41:28 UTC from IEEE Xplore. Restrictions apply.



1826

IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE, VOL. 41,

and Technology Commission, Innovation & Technology
Fund (ITS/151/16). The work was partially supported by
Hong Kong Research Grant Council: CityU 11302715 of
Hong Kong SAR Government.

REFERENCES

(1]

[2]

(3]

[4]

[5]

[6]

[71

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

A.K.Menon, X.]. Jiang, S. Vembu, C. Elkan, and L. Ohno-Machado,
“Predicting accurate probabilities with a ranking loss,” in Proc. 29th
Int. Conf. Mach. Learn., 2012, vol. 2012, Art. no. 703.

V. Vovk, I. Petej, and V. Fedorova, “Large-scale probabilistic pre-
dictors with and without guarantees of validity,” in Proc. Advances
Neural Inf. Process. Syst., 2015, pp. 892-900.

T. Leathart, E. Frank, G. Holmes, and B. Pfahringer, “Probability
calibration trees,” in Proc. 9th Asian Conf. Mach. Learn., 2017,
pp- 145-160.

C. Guo, G. Pleiss, Y. Sun, and K. Q. Weinberger, “On calibration of
modern neural networks,” in Proc. 34th Int. Conf. Mach. Learn.,
2017, pp. 1321-1330.

G. M. Cordeiro and P. McCullagh, “Bias correction in generalized
linear models,” ]. Roy. Statistical Soc. Series B (Methodological),
vol. 53, no. 3, pp. 629-643, 1991.

G. King and L. Zeng, “Logistic regression in rare events data,”
Political Anal., vol. 9, no. 2, pp. 137-163, 2001.

X. Jiang, M. Os], J. Kim, and L. Ohno-Machado, “Smooth isotonic
regression: A new method to calibrate predictive models,” AMIA
Summits Translational Sci. Proc., vol. 2011, 2011, Art. no. 16.

J. Platt, “Probabilistic outputs for support vector machines and
comparisons to regularized likelihood methods,” Advances Large
Margin Classifiers, vol. 10, no. 3, pp. 61-74, 1999.

B. Zadrozny and C. Elkan, “Obtaining calibrated probability esti-
mates from decision trees and naive Bayesian classifiers,” in Proc.
18th Int. Conf. Mach. Learn., 2001, pp. 609-616.

B. Zadrozny and C. Elkan, “Transforming classifier scores into
accurate multiclass probability estimates,” in Proc. 8th Int. Conf.
Knowl. Discovery Data Mining, 2002, pp. 694-699.

M. P. Naeini and G. F. Cooper, “Binary classifier calibration using
an ensemble of near isotonic regression models,” in Proc. 16th Int.
Conf. Data Mining, 2016, pp. 360-369.

M. P. Naeini and G. F. Cooper, “Binary classifier calibration using
an ensemble of piecewise linear regression models,” Knowl. Inf.
Syst., vol. 54, no. 1, pp. 151-170, 2018.

M. P. Naeini and G. F. Cooper, “Binary classifier calibration using
an ensemble of linear trend estimation,” in Proc. SIAM Int. Conf.
Data Mining, 2016, pp. 261-269.

X. Jiang, M. Osl, J. Kim, and L. Ohno-Machado, “Calibrating pre-
dictive model estimates to support personalized medicine,” J.
Amer. Med. Informat. Assoc., vol. 19, no. 2, pp. 263-274, 2011.

M. P. Naeini, G. F. Cooper, and M. Hauskrecht, “Obtaining well
calibrated probabilities using Bayesian binning,” in Proc. 29th
AAAI Conf. Artif. Intell., 2015, pp. 2901-2907.

M. P. Naeini, G. F. Cooper, and M. Hauskrecht, “Binary classifier
calibration using a Bayesian non-parametric approach,” in Proc.
SIAM Int. Conf. Data Mining, 2015, pp. 208-216.

R. Hettich and K. O. Kortanek, “Semi-infinite programming;: the-
ory, methods, and applications,” SIAM Rev., vol. 35, no. 3,
pp- 380-429, 1993.

R. Reemtsen and J.-J. Riickmann, Semi-Infinite Programming. Ber-
lin, Germany: Springer, 1998, vol. 25.

M. Grant and S. Boyd, “CVX: Matlab software for disciplined con-
vex programming, version 2.1,” Mar. 2014. [Online]. Available:
http:/ /cvxr.com/cvx

T. Hastie and R. Tibshirani, “Classification by pairwise
coupling,”, in Proc. Advances Neural Inf. Process. Syst., 1998, pp.
507-513.

A. Niculescu-Mizil and R. Caruana, “Predicting good probabili-
ties with supervised learning,” in Proc. 22nd Int. Conf. Mach. Learn.,
2005, pp. 625-632.

M. Ayer, H. Brunk, G. Ewing, W. Reid, E. Silverman, et al., “An
empirical distribution function for sampling with incomplete
information,” Ann. Math. Statistics, vol. 26, no. 4, pp. 641-647, 1955.
S.-J. Kim, K. Koh, S. Boyd, and D. Gorinevsky, “/; trend filtering,”
SIAM Rev., vol. 51, no. 2, pp. 339-360, 2009.

X. Wang and F. Li, “Isotonic smoothing spline regression,” J. Com-
put. Graphical Statist., vol. 17, no. 1, pp. 21-37, 2008.

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[371

[38]

[39]

[40]

[41]

[42]

[43]
[44]
[45]

[46]

[471

NO. 8, AUGUST 2019

F. N. Fritsch and R. E. Carlson, “Monotone piecewise cubic inter-
polation,” SIAM |. Numerical Anal., vol. 17, no. 2, pp. 238-246, 1980.
D. Heckerman, D. Geiger, and D. M. Chickering, “Learning Bayes-
ian networks: The combination of knowledge and statistical data,”
Mach. Learn., vol. 20, no. 3, pp. 197-243, 1995.

J. Friedman and R. Tibshirani, “The monotone smoothing of
scatterplots,” Technometrics, vol. 26, no. 3, pp. 243-250, 1984.

P. Hall and L.-S. Huang, “Nonparametric kernel regression sub-
ject to monotonicity constraints,” Ann. Statist., vol. 29, no. 3,
pp. 624-647, 2001.

X. He and P. Ng, “COBS: Qualitatively constrained smoothing via lin-
ear programming,” Comput. Statist., vol. 14, no. 3, pp. 315-338, 1999.

J. Wang and S. K. Ghosh, “Shape restricted nonparametric regres-
sion with Bernstein polynomials,” Comput. Statist. Data Anal.,
vol. 56, no. 9, pp. 2729-2741, 2012.

S. R. Cosslett, “Distribution-free maximum likelihood estimator of the
binary choice model,” Econometrica, vol. 51, no. 3, 1983, Art. no. 765.

L. W. Zhong and J. T. Kwok, “Accurate probability calibration for
multiple classifiers,” in Proc. 23rd Int. Joint Conf. Artif. Intell., 2013,
pp- 1939-1945.

H. Brunk, “Maximum likelihood estimates of monotone parame-
ters,” Ann. Math. Statist., vol. 26, no. 4, pp. 607-616, 1955.

C. Hildreth, “Point estimates of ordinates of concave functions,” J.
Amer. Statistical Assoc., vol. 49, no. 267, pp. 598-619, 1954.

A. Painsky and S. Rosset, “Isotonic modeling with non-differentia-
ble loss functions with application to lasso regularization,” IEEE
Trans. Pattern Anal. Mach. Intell., vol. 38, no. 2, pp. 308-321,
Feb. 2016.

Y. Wang and H. Ni, “Multivariate convex support vector regres-
sion with semidefinite programming,” Knowl.-Based Syst., vol. 30,
pp- 87-94, 2012.

R. Mazumder, A. Choudhury, G. Iyengar, and B. Sen, “A compu-
tational framework for multivariate convex regression and its var-
iants,” |. Amer. Statistical Assoc., In Press, 2018.

Y. Wang, S. Wang, C. Dang, and W. Ge, “Nonparametric quantile
frontier estimation under shape restriction,” Eur. J. Oper. Res.,
vol. 232, pp. 671-678, 2014.

A. Lanza and L. Di Stefano, “Statistical change detection by the
pool adjacent violators algorithm,” IEEE Trans. Pattern Anal.
Mach. Intell., vol. 33, no. 9, pp. 1894-1910, Sep. 2011.

Y. Nesterov, “Squared functional systems and optimization prob-
lems,” in High Performance Optimization. Berlin, Germany: Springer,
2000, pp. 405-440.

Y. Nesterov and A. Nemirovsky, “Interior point polynomial algo-
rithms in convex programming,” Stud. Appl. Math. Philadelphia,
PA:SIAM, vol. 13, 1994.

C. C. Gonzaga and M. J. Todd, “An o(+/nl) iteration large-step pri-
mal-dual affine algorithm for linear programming,” SIAM ]. Opti-
mization, vol. 2, no. 3, pp. 349-359, 2006.

R. A. DeVore and G. G. Lorentz, Constructive Approximation. Berlin,
Germany: Springer, 1993.

G. G. Lorentz, M. V. Golitschek, and Y. Makovoz, Constructive
Approximation: Advanced Problems. Berlin, Germany: Springer, 1996.
L. Gyorfi, M. Kohler, A. Krzyzak, and H. Walk, A Distribution-Free
Theory of Nonparametric Regression. Berlin, Germany: Springer, 2006.
D. Dheeru and E. Karra Taniskidou, “UCI machine learning
repository,” 2017. [Online]. Available: http:/ /archive.ics.uci.edu/ml
O. Ozdemir, T. Allen, S. Choi, T. Wimalajeewa, and P. Varshney,
“Copula based classifier fusion under statistical dependence,”
IEEE Trans. Pattern Anal. Mach. Intell., vol. 40, no. 11, pp. 2740-2748,
Nov. 2018.

V. Kuleshov and P. S. Liang, “Calibrated structured prediction,”
in Proc. Advances Neural Inf. Process. Syst., 2015, pp. 3474-3482.

Yonggiao Wang received the PhD degree in
management sciences and engineering from the
Academy of Mathematics and Systems Science,
Chinese Academy of Sciences (CAS), Beijing in
2005. He is currently a full professor in School of
Finance, Zhejiang Gongshang University. His
research interests include machine learning, data
mining and financial risk management. He has co-
authored more than 10 papers in journals including
the IEEE Transactions on Neural Networks and
Learning Systems, the |IEEE Transactions on
Fuzzy Systems, and the European Journal of
Operational Research.

Authorized licensed use limited to: CITY UNIV OF HONG KONG. Downloaded on May 06,2025 at 02:41:28 UTC from IEEE Xplore. Restrictions apply.


http://cvxr.com/cvx
http://archive.ics.uci.edu/ml

WANG ETAL.: CALIBRATING CLASSIFICATION PROBABILITIES WITH SHAPE-RESTRICTED POLYNOMIAL REGRESSION

Lishuai Li received the BEng degree in aircraft
design and engineering from Fudan University, the
MSc and PhD degrees in air transportation sys-
tems from the Department of Aeronautics and
Astronautics, Massachusetts Institute of Technol-
ogy (MIT). Currently she is an assistant professor
with the Department of Systems Engineering and
Engineering Management, City University of Hong
Kong. Before joining CityU, she was a consultant
at McKinsey & Company in San Francisco. She is
interested in innovative methods for the design,
management, operation of air transportation systems, drawing expertise
in Big Data and Information Technology. She develops data analysis and
decision support tools to improve aircraft operations, airspace efficiency,
and system safety. Her current research focuses on the application of data
mining techniques in airline safety management.

1827

Chuangyin Dang received the PhD degree
(Cum Laude) in operations research/mathemati-
cal economics from the Tilburg University of The
Netherlands, in 1991. He is currently full profes-
sor of Systems Engineering and Engineering
Management, City University of Hong Kong. Prior
to this, he held faculty positions at the University
of California at Davis, Delft University of Technol-
ogy and Auckland University, and was research
fellow with the Cowles Foundation for Research
in Economics of Yale University. His research
focuses on systems modeling, analysis and optimization. Due to his sig-
nificant contributions, he received the award of outstanding research
achievements of the year from Tilburg University of The Netherlands in
1990 and invited to give talks at such universities as Cornell University,
Stanford University, the University of Michigan at Ann Arbor, the Univer-
sity of Minnesota at Minneapolis, and to work as research fellow at Yale
University in 1994. He has published more than 130 papers in journals
including Mathematical Programming, Mathematics of Operations
Research, the SIAM Journal on Optimization, the Computational Optimi-
zation and Applications, the European Journal of Operational Research,
the IEEE Transactions on Pattern Analysis and Machine Intelligence,
the IEEE Transactions on Automatic Control, the IEEE Transactions on
Computers, the IEEE Transactions on Cybernetics, the IEEE Transac-
tions on Evolutionary Computation, the IEEE Transactions on Fuzzy
Systems, the IEEE Transactions on Knowledge and Data Engineering,
the IEEE Transactions on Neural Networks, Atrtificial Intelligence, Neural
Computation. He is a senior member of the IEEE.

> For more information on this or any other computing topic,
please visit our Digital Library at www.computer.org/publications/dlib.

Authorized licensed use limited to: CITY UNIV OF HONG KONG. Downloaded on May 06,2025 at 02:41:28 UTC from IEEE Xplore. Restrictions apply.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Algerian
    /Arial-Black
    /Arial-BlackItalic
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BaskOldFace
    /Batang
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FootlightMTLight
    /FreestyleScript-Regular
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /InformalRoman-Regular
    /Jokerman-Regular
    /JuiceITC-Regular
    /KristenITC-Regular
    /KuenstlerScript-Black
    /KuenstlerScript-Medium
    /KuenstlerScript-TwoBold
    /KunstlerScript
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSansUnicode
    /Magneto-Bold
    /MaturaMTScriptCapitals
    /MediciScriptLTStd
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MS-Mincho
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /NuptialScript
    /OldEnglishTextMT
    /Onyx
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Parchment-Regular
    /Playbill
    /PMingLiU
    /PoorRichard-Regular
    /Ravie
    /ShowcardGothic-Reg
    /SimSun
    /SnapITC-Regular
    /Stencil
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanMTStd
    /TimesNewRomanMTStd-Bold
    /TimesNewRomanMTStd-BoldCond
    /TimesNewRomanMTStd-BoldIt
    /TimesNewRomanMTStd-Cond
    /TimesNewRomanMTStd-CondIt
    /TimesNewRomanMTStd-Italic
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryStd-Demi
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Suggested"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


