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A B S T R A C T

Urban drone delivery, a rapidly evolving sector, holds the potential to enhance accessibility,
address last-mile delivery issues, and alleviate ground traffic congestion in cities. Effective
Unmanned Aircraft System Traffic Management (UTM) is essential to scale drone delivery.
A critical aspect of UTM involves planning a city-wide network with spatially-separated air
corridors (air routes). Most existing works have focused on routing problems or air traffic
management. Compared to these problems, the air corridor planning problem requires much
higher spatial and temporal resolutions and presents computational challenges due to the
scale, complexity, and density of urban airspace, along with the coupling issues of multi-
path planning. Therefore, we conducted this research to understand the complexity and
computational resources required to optimally solve the air corridor planning problem. In this
paper, we use a minimum-cost Multi-Commodity Network Flow (MCNF) model, a mathematical
model, to model the problem and demonstrate the complexity of air corridor planning through
the complexity of MCNF. We then apply Gurobi’s and GLPK’s integer programming (IP)
solvers to find optimal solutions. Additionally, we present two existing multi-path graph search
algorithms, the Sequential Route Network Planning (SRP) algorithm and the Distributed Route
Network Planning (DRP) algorithm, to address this corridor planning problem. Numerical
experiments conducted at various scales and settings using IP solvers and graph search
algorithms indicate that finding an optimal solution requires significant computational resources
and yields only a slight improvement in optimality compared to graph search algorithms.
Thus, air corridor planning is complex both theoretically and numerically, and graph search
algorithms can provide a feasible solution with good enough optimality for corridor planning
in real-world scenarios. Moreover, the multi-path graph search algorithms can easily incorporate
side constraints that are known to be impossible to solve with polynomial algorithms, making
it more practical for real-world applications. Finally, we demonstrate the application of SRP
and DRP in real-world 3D urban scenarios.
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Fig. 1. Planning and operations in drone delivery service.

Fig. 2. Temporal separation vs. spatial separation in different UTM ConOps (NASA, 2022).

1. Introduction

Urban drone delivery is an emerging aspect of Urban Air Mobility (UAM), set to revolutionize urban logistics by mitigating
vehicular traffic congestion and diminishing human labor in distribution networks (Lemardelé et al., 2021). The planning and
operational aspects of drone delivery services are illustrated in Fig. 1. Crucial to the management of a large number of drone
operations in complex urban environments is the route network design, as highlighted in the figure. This involves the planning
of designated air corridors (air routes). Currently, most research focuses on the routing (Murray and Raj, 2020) and air traffic
management problems (Chin et al., 2021); in contrast, this research focuses on the air corridor planning problem. This problem
requires much higher spatial and temporal resolution, and this presents computational challenges due to the scale, complexity, and
density of urban airspace, along with the coupling issues of multi-path planning. Therefore, the primary focus of this research is on
the computational complexity and solutions for designing such air corridor networks.

Several concepts of operations (ConOps) for Unmanned Aircraft System Traffic Management (UTM) have been explored (NASA,
2022; SESAR, 2021; Mohamed Salleh et al., 2018; Ushijima, 2017). These ConOps specify the airspace management approaches,
including when and how to utilize temporal and/or spatial separation techniques to regulate drone traffic, thereby facilitating the
integration of drones into the urban transportation matrix, as depicted in Fig. 2.

UAV operations employing a structured network of air corridors or routes have been implemented for routine drone delivery
operations in some Chinese cities (Yang, 2023). These drones are designated specifically for transporting goods to strategically
placed collection hubs located near clusters of residential or commercial buildings, rather than offering direct-to-consumer doorstep
delivery. This strategy facilitates the use of predetermined flight paths that connect launching sites to collection hubs, thereby
streamlining navigation challenges in complex urban landscapes. Fig. 3 depicts a schematic illustration of this organized air corridor.

In this route network, multiple vertiports serve as nodal points for UAV transit. The air routes are conceptualized as unidirectional
air corridors that facilitate connectivity between the vertiports, more precisely, linking their respective approach and departure
waypoints. These air corridors are spatially separated to avoid potential conflicts. UAVs adhere to a sequential flight pattern along
these air corridors, remaining within the designated corridor and maintaining a regulated inter-spatial distance from adjacent UAVs
to ensure safety and efficiency.
2 
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Fig. 3. Illustration for the air corridors (structured route network) (He et al., 2024).

The term ‘‘the path’’, as used in the present discourse, refers to the rectangular corridor encompassing the air route, with its
dimensions meticulously calibrated to ensure the isolation of UAVs on adjacent paths. To enhance safety protocols, an additional
‘‘buffer zone’’ envelops the path, acting as a supplementary safety interstice. For an exhaustive elucidation of the air route network’s
architecture and its constituent elements, one is directed to consult the comprehensive analysis presented in He et al. (2022).

The detailed design requirements of route networks vary under different ConOps, yet a core and universal problem is multi-path
planning for air corridor planning. Most existing methodologies are inadequate for addressing the complexities involved in planning
air route networks. Current Multi-Agent Path Finding (MAPF) algorithms are predominantly tailored for executing specific tasks
within a drone fleet. However, these algorithms were not developed with consideration for the design of systems or infrastructures
that accommodate various types of drones managed by different operators. In other words, they do not facilitate the construction of
‘‘roads’’ in the sky. Some graph-search-based algorithms have been applied to solve the air corridor planning problem by considering
its unique constraints in real-world scenarios (He et al., 2022, 2024). However, their optimality and computational performances
have not been systemically analyzed.

Network flow theory is a mathematical model that focuses on optimizing certain types of network systems, such as logistical
networks, routing networks, etc. In such a network, the target is to send an amount of flow, such as packages and data, from the
source to the target while satisfying a set of constraints. The Network flow model can potentially provide a benchmark for air
corridor planning problems, as an optimal solution can be sought. Yet, to the best of our knowledge, no one has conceptualized and
formulated the air corridor planning problem into network flow models, and the computational complexity of such an application
has not been thoroughly investigated.

Therefore, this research develops a minimum-cost Multi-Commodity Network Flow (MCNF) mathematical model for air corridor
planning in an urban environment and analyzes its computational complexity. Then we use Gurobi’s (Gurobi, 2021) and the
GLPK’s (GLPK, 2021) integer programming (IP) solvers to find an optimal solution for the MCNF model. We also present two
existing multi-path graph search algorithms, ‘‘Sequential Route Network Planning (SRP)’’ (He et al., 2022) and ‘‘Distributed Route
Network Planning (DRP)’’ (He et al., 2024), to solve the optimization problem, and compared their performance with IP solvers.

2. Literature review

2.1. UTM and air route network planning

There is a vast literature in air traffic management focusing on air route design, collision risk models, and collision avoid-
ance (Blom et al., 2003; Delahaye et al., 2003; Hoekstra et al., 2002; Kochenderfer et al., 2010; Perrin et al., 2007). However,
existing air route design is considering traditional aircraft operated by human pilots in airspace organized by sectors, which is
significantly different from UTM. Recent UTM studies focus on ConOps development and system-level design, e.g. the safe and
efficient integration of UAS into ATM (Aweiss et al., 2018; Cone et al., 2018; EUROCONTROL, 2018; Kopardekar and Bradford,
2017; Vascik et al., 2018; Vascik and Hansman, 2017). Operational constraints for urban air mobility from the perspective of air
traffic control have been identified and studied in a number of papers (Vascik et al., 2018; Vascik and Hansman, 2017; Vascik and
Jung, 2016; Wang et al., 2022a,b). The capacity envelop is analytically estimated via an Integer Programming (IP) approach (Vascik
and Hansman, 2019). Some initial analysis has been performed to explore suitable traffic management concepts and their associated
risks (Aweiss et al., 2018; Jung et al., 2018; Sunil et al., 2015). Chin et al. (2021) considers the fairness of delay assignment in the
context of UAS Traffic Flow Management (UTFM). However, very limited efforts have been made to develop specific air corridors
for UAS operations in cities (Tang et al., 2021; Wang et al., 2021; Wu and Zhang, 2021).
3 
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2.2. Network flow models for network planning problems

A network flow model is a mathematical tool for modeling and addressing how items are transported between locations, using
 network with limited capacities on arcs. A flow network is a directed graph 𝐺 = ( ,) where  denotes the set of nodes and 

denotes the set of arcs connecting the nodes (Ahuja et al., 1993). Each arc imposes a cost on the flow passing through it and has an
associated capacity that limits the amount of flow it can carry. The incoming and outgoing flows at each node must be equal unless
the node is designated as a source (origin) or sink (destination), which is the flow conservation constraint for the flow models.
Two relevant network flow problems are the minimum cost flow problem and its generalization — minimum cost multi-commodity
network flow problem.

Minimum cost flow problems seek to route a certain amount of flow through a network from source nodes  to sink nodes  so
as to minimize the total cost. Let (𝑖, 𝑗) ∈  represent an arc from node 𝑖 to node 𝑗, with associated cost per unit flow 𝑐𝑖𝑗 and lower
and upper capacity bounds 𝑙𝑖𝑗 and 𝑢𝑖𝑗 respectively. Letting 𝑥𝑖𝑗 represent the amount of flow on arc (𝑖, 𝑗), to send an amount of flow
equal to 𝑑𝑗 , the minimum cost flow problem can be formulated as follows:

min 𝑧(𝑥) =
∑

(𝑖,𝑗)∈
𝑐𝑖𝑗𝑥𝑖𝑗 (1a)

s.t.
∑

{𝑗∶(𝑖,𝑗)∈}
𝑥𝑖𝑗 −

∑

{𝑗∶(𝑗 ,𝑖)∈}
𝑥𝑗 𝑖 =

⎧

⎪

⎨

⎪

⎩

−𝑑𝑗 ∀𝑗 ∈ 

0 ∀𝑗 ∈ ∕( ∪  )

𝑑𝑗 ∀𝑗 ∈ 

(1b)

𝑙𝑖𝑗 ≤ 𝑥𝑖𝑗 ≤ 𝑢𝑖𝑗 ∀(𝑖, 𝑗) ∈  (1c)

𝑥𝑖𝑗 ≥ 0 ∀(𝑖, 𝑗) ∈  (1d)

Eq. (1a) minimizes the total cost of flow passing through the edges. Eq. (1b) represents the flow conservation constraint, which
nsures that the difference between inflow and outflow at each node is equal to −𝑑𝑗∕0∕𝑑𝑗 for source/transshipment/sink nodes.
ere 𝑑𝑗 refers to the demand for the flow to node 𝑗. Eq. (1c) imposes capacity constraints on each arc, while Eq. (1d) ensures that

the flow on each arc is non-negative. In minimum cost network flow problems, when multiple sources and sinks exist, they can be
clustered into a virtual source node and a virtual sink node, reducing the network to a single-source single-sink 𝑠− 𝑡 flow network.

he demand for the virtual source node and the virtual sink node will be ∑

𝑗∈ −𝑑𝑗 and ∑

𝑗∈ 𝑑𝑗 . Many polynomial algorithms have
een developed to derive the solution, like cycle canceling methods (Klein, 1967), cost scaling methods (Hassin, 1983), network

simplex methods that are based on linear programming simplex (Orlin, 1997), etc. Minimum-cost flow is extensively applied in
many applications, like resources allocation (Cappanera and Scaparra, 2011; Wang et al., 2008), assortment (Frank, 1965; Pentico,
2008), interdependent infrastructure systems modeling (Ahangar et al., 2020; Goldbeck et al., 2019; Lee II et al., 2007).

The shortest path problem is a minimum-cost flow problem with infinite arc capacities that sends one unit of flow. It finds the
shortest directed path from a source node to a sink node, which is similar to the single path finding problem in the network planning
problem. Many label-setting and label-correcting algorithms are developed for shortest path problem (Bellman, 1958; Floyd, 1962;
Fredman and Tarjan, 1987; Hart et al., 1968), among which Dijkstra’s algorithm is a classic one (Dijkstra, 1959). Shortest path
roblems are extensively applied in robotic path (Hu et al., 1993), digital mapping services (Saab and VanPutte, 1999; Quddus

and Washington, 2015), IP routing problem (Amaldi et al., 2013), etc. Maximum flow problems are complementary and can be
transformed to minimum-cost flow problems. They maximize the total amount of flow while honoring the arc capacities. Many
polynomial algorithms have been developed like Dinic’s algorithm (Dinitz, 1970), Ford-Fulkerson algorithm (Ford and Fulkerson,
1956), and push-relabel algorithm (Goldberg and Tarjan, 1988). Multi-agent path planning in Yu and LaValle (2013) was formulated
as a maximum flow problem, but the considered problem only brought each agent to any goal position in the set of goal positions
nstead of a specific goal position.

The minimum cost flow problem models the flow of a single commodity over a network. In contrast, multi-commodity network
low (MCNF) problems arise when multiple commodities share the same underlying network. It is a generalization of minimum cost
low problems and can be applied to describe multi-path finding problems. The minimum cost MCNF problem aims to achieve a

given amount of flow for each commodity while minimizing the total cost. Let 𝑥𝑛𝑖𝑗 represent the amount of flow for commodity 𝑛
on arc (𝑖, 𝑗) and 𝑐𝑛𝑖𝑗 represent the cost per unit flow for commodity 𝑛 on arc (𝑖, 𝑗). Given 𝑁 commodities with respective flows 𝑑𝑛,𝑗
from source nodes 𝑛 to sink nodes 𝑛, the minimum cost MCNF problem can be formulated as follows:

min
𝑁
∑

𝑛=1

∑

(𝑖,𝑗)∈
𝑐𝑛𝑖𝑗𝑥

𝑛
𝑖𝑗 (2a)

s.t.
∑

{𝑗∶(𝑖,𝑗)∈}
𝑥𝑛𝑖𝑗 −

∑

{𝑗∶(𝑗 ,𝑖)∈}
𝑥𝑛𝑗 𝑖 =

⎧

⎪

⎨

⎪

⎩

−𝑑𝑛,𝑗 ∀𝑗 ∈ 𝑛

0 ∀𝑗 ∈ ∕(𝑛 ∪ 𝑛)

𝑑𝑛,𝑗 ∀𝑗 ∈ 𝑛

∀𝑛 ∈ [𝑁] (2b)

𝑙𝑖𝑗 ≤
𝑁
∑

𝑛=1
𝑥𝑛𝑖𝑗 ≤ 𝑢𝑖𝑗 ∀(𝑖, 𝑗) ∈  (2c)

𝑛
𝑥𝑖𝑗 ≥ 0 ∀(𝑖, 𝑗) ∈ ,∀𝑛 ∈ [𝑁] (2d)
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Fig. 4. An illustration for an MCNF problem.

Eq. (2a) minimizes the total cost of flow for all commodities. Eq. (2b) represents the flow conservation constraint for each
commodity. Eq. (2c) imposes capacity constraints on each arc, where the flow on an arc is the sum of flows for all commodities.
Eq. (2d) ensures that the flow for each commodity on each arc is non-negative. The primary difference between problems Eqs. (1)
and (2) lies in the number of commodities. The coupling of commodities in capacity constraints (Eq. (2c)) makes the MCNF problem
significantly more challenging to solve than its single-commodity counterpart. An illustration of an MCNF problem is shown in Fig. 4.
Though multi-source multi-sink minimum cost network flow problems can be reduced to single-source single-sink minimum cost
network flow problems, such reduction is impossible for multi-commodity network flow problems among different commodities
because different commodities cannot be merged on any edge. While the minimum cost flow problem belongs to class P, the MCNF
problem is NP-hard. MCNF models are extensively utilized in the transportation industry and communication networks (Salimifard
and Bigharaz, 2022). Specifically, the traffic flow management rerouting problem in air traffic control is formulated as an MCNF
problem to distribute flights over a national air traffic network to minimize delays (Bertsimas and Patterson, 2000). MCNF was
also applied in driver rostering problems to schedule schemes (Mesquita et al., 2015). Product distribution is an area where MCNF
was applied, like vehicle routing problems (Vaziri et al., 2019; Zhang et al., 2019). Network planning and design for multimodal
transportation network utilizes given infrastructures and chooses transportation modes to optimally transfer multicommodity (Elbert
et al., 2020; Katayama, 2019; Qu et al., 2016; Yaghini et al., 2012). Though multi-path planning was formulated as an MCNF problem
in Yu and LaValle (2016), it only considers temporal conflicts and generated routes may still have spatial conflicts. However, MCNF
still has the potential to be extended to solve the network planning problem due to the similarity of problem features.

The considered network planning problem has similarities to these minimum-cost network flow problems and minimum-cost
multi-commodity network flow problems. In the network planning problem, the planning for a single route is related to single-
source single-sink minimum-cost network flow problems. The planning for the whole network is similar to the minimum-cost
multi-commodity network flow problems in that route (flow) for each OD (commodity) should be found while satisfying a set
of constraints.

2.3. Graph-search-based methods for network planning problems

Existing graph-search-based multi-path planning methods traverse the graph to determine feasible routes. They aim at minimizing
the sum of individual route costs and avoiding conflicts among routes (Felner et al., 2017). The graph-search-based methods include
heuristic and non-heuristic methods that use a single entity for computation, as well as communication-based approaches where
each route is treated as a separate computational entity.

Heuristic methods resolve conflicts using strategies such as priority-based searches, where routes are planned sequentially with
existing routes considered as moving obstacles (Bnaya and Felner, 2014; Silver, 2005). An alternative approach involves using rule-
based methods to plan routes for each OD pair. These methods follow specific rules to avoid collisions, such as changing velocity
profiles or delaying departures (Alotaibi and Al-Rawi, 2018; De Wilde et al., 2014; Luna and Bekris, 2011; Saha and Isto, 2006).

Non-heuristic methods undertake a comprehensive search of the state space for solutions, omitting mechanisms designed to
expedite conflict resolution. Such methods employ state space representations, whereby the positions of all paths to plan at any
given moment are depicted as state vectors (Wagner and Choset, 2015; Standley, 2010). Conflict-based state spaces utilize a tree
structure, with nodes encapsulating a set of conflicts as constraints and a set of potential conflict resolutions and the associated cost.
The tree structure evolves from a root node devoid of constraints to leaf nodes that fulfill all constraints (Cohen et al., 2019, 2016;
Sharon et al., 2015; Barer et al., 2014).
5 
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Fig. 5. MCNF by extracting grid graph from environment.

Communication-based methods coordinate routes collaboratively to achieve consensus (Wang and Rubenstein, 2020; Ferrera
et al., 2017; Desaraju and How, 2012; Purwin et al., 2008; Olfati-Saber et al., 2007). For example, multiple robots navigate by
exchanging messages, deciding on movements, broadcasting intentions, receiving approvals, and executing actions as proposed
in Gilboa et al. (2006).

In summary, heuristic methods can quickly generate feasible solutions in scenarios with a large number of state spaces. Non-
heuristic methods are capable of finding optimal (or near-optimal) solutions but may require significant computational resources,
particularly in complex 3D urban settings. Communication-based methods, although they enable efficient coordination, impose
substantial demands on the communication and computation capabilities of each drone. These requirements may not be practical
given the regulatory and business complexities of the market.

In previous research, we have developed two graph-search-based methods for network planning. The Sequential Route Planning
(SRP) approach leverages a hierarchical prioritization to partition the network planning problem into solvable single-path tasks,
executed in sequence (He et al., 2022). To enhance fairness and efficiency among routes, the Distributed Route Planning (DRP)
method applies a distributed planning approach, allowing each OD pair to optimize their routes within a system-level coordinated
framework (He et al., 2024). This study aims to develop a standardized network flow model for the air corridor planning problem,
assess the computational complexity of corridor planning through the complexity of the network flow model, and understand
the computation resources required by comparing the performance of finding optimal and sub-optimal solutions in solving this
optimization problem.

3. The air corridor planning problem formulation

3.1. The conceptual problem statement

In this section, we introduce the conceptual statement of the route network planning problem to support urban drone delivery
service. While various ConOps can address diverse route network planning challenges, our focus here is on the most fundamental
problem that necessitates resolution.

Air routes are unidirectional corridors between vertiports, as shown in Fig. 3(a). Different corridors should not intersect with
each other. Drones follow these corridors with minimum spacing. Each corridors is 20 m wide and 10 m high with a 10 m buffer
zone. No obstacles are allowed in the buffer zone. Buffer zones of different corridors can be either overlapped or not allowed to be
overlapped, depending on different ConOps. In this fundamental problem, we do not overlap buffer zones.

In order to formulate and compute the network planning problem, we need to discretize the urban environment into a grid
graph, as shown in Fig. 5. An urban environment includes essential elements such as obstacles, geofencing, vertiports, and zoning
information. The obstacles and geofencing constitute no-fly zones that drones are prohibited from traversing. The space is first
divided into grid cells, and cells are excluded from feasible airspace if they contain no-fly zones. The remaining cells constitute the
grid graph , characterized by nodes  and arcs  which represent the vertices and edges, respectively.

Given a set of OD pairs {(𝑜𝑛, 𝑑𝑛), 𝑛 ∈ [𝑁]} in an urban environment per the demand of drone delivery service, we aim to look for a
set of air routes that connect these OD pairs while spatially separated from each other. A route 𝒓𝑛 for an OD pair (𝑜𝑛, 𝑑𝑛) is specified by
a sequence of points along which drones can travel in a sequence from the origin 𝑜 to the destination 𝑑 , namely 𝒓 =

(

𝑣0, 𝑣1,… , 𝑣𝑙𝑛
)

𝑛 𝑛 𝑛 𝑛 𝑛 𝑛

6 
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where the route consists of 𝑙𝑛 segments
{(

𝑣𝑖−1𝑛 , 𝑣𝑖𝑛
)

, 𝑖 ∈ [𝑙𝑛]
}

and 𝑜𝑛 = 𝑣0𝑛, 𝑑𝑛 = 𝑣𝑙𝑛𝑛 . We can derive the objectives and constraints of
the route network planning problem as below,

min
𝒓[𝑁]

∑

𝑛∈[𝑁]
𝐶𝑜(𝒓𝑛) + 𝛼𝐼

∑

𝑛∈[𝑁]
𝐶𝑖(𝒓𝑛) (3a)

(𝒓𝑛) ∩  = ∅, (3b)

(𝒓𝑖) ∩(𝒓𝑗 ) = ∅,∀𝑖, 𝑗 ∈ [𝑁] & 𝑖 ≠ 𝑗 . (3c)

where 𝐶𝑜 is the operation cost and 𝐶𝑖 is the impact cost, and 𝛼𝐼 is a weighting factor. In this equation, the function  maps a
route to the set of cells that the route goes through.  is the set of cells blocked by obstacles. In summary, Eq. (3a) is the objective
function, Eq. (3b) is the obstacle avoidance constraint, and Eq. (3c) is the route separation constraint. Next, we will illustrate them
in detail.

The aim of the route network planning problem is twofold. Firstly, there is a need to minimize the operation cost of each
individual route, which is primarily influenced by energy consumption. Specifically, the operation cost 𝐶𝑜(𝒓𝑛) of a route 𝒓𝑛, is broken
down into four distinct parts,

𝐶𝑜(𝒓𝑛) =
∑

𝑖∈[𝑙𝑛]
𝛼𝑔𝐷𝑔(𝑣𝑖−1𝑛 , 𝑣𝑖𝑛) + 𝛼𝑐𝐷𝑐 (𝑣𝑖−1𝑛 , 𝑣𝑖𝑛) + 𝛼𝑑𝐷𝑑 (𝑣𝑖𝑛, 𝑣𝑖+1𝑛 ) + 𝛼𝑦

|

|

|

𝑌
(

𝑣𝑖−1𝑛 , 𝑣𝑖𝑛, 𝑣𝑖+1𝑛
)

|

|

|

, (4)

where 𝐷𝑔(𝑣𝑖−1𝑛 , 𝑣𝑖𝑛) represents the distance between consecutive waypoints (𝑣𝑖−1𝑛 , 𝑣𝑖𝑛), 𝐷𝑐 and 𝐷𝑑 denote the climb and descent heights,
respectively. The last item 𝑌 captures the turning angles between route segments. The coefficients 𝛼𝑔 , 𝛼𝑐 , 𝛼𝑑 , 𝛼𝑦 are predetermined
weighting factors that account for the relative importance of each factor. In the context of a simplified network planning problem,
the operational cost formula is reduced by focusing only on the path distance, altitude differences of climbing and descending. The
turning angle is not considered here because it needs complicated transformations on the network and requires additional vertices
and edges, which can be incorporated in the graph-search algorithms but not the network flow model with commercial solvers. To
make the comparison fair between the graph search algorithms and the network flow model with commercial solvers, the operation
cost is simplified as

𝐶𝑜(𝒓𝑛) =
∑

𝑖∈[𝑙𝑛]
𝐷𝑔(𝑣𝑖−1𝑛 , 𝑣𝑖𝑛) +𝐷𝑐 (𝑣𝑖−1𝑛 , 𝑣𝑖𝑛) +𝐷𝑑 (𝑣𝑖𝑛, 𝑣𝑖+1𝑛 ). (5)

Secondly, there is a requirement to minimize system-level costs associated with drone operations. In the context of this simplified
problem, system-level costs include the cumulative effects on safety risks, noises, privacy concerns, and other issues resulting from
drone delivery operations, collectively referred to as impact costs. The impact cost, denoted as 𝐶𝑖(𝒓𝑛), is largely influenced by the
geographic extent of air corridors. Each cell 𝑎 within the grid graph  is assigned an impact cost 𝐼(𝑎), and the total impact cost
𝐶𝑖(𝒓𝑛) for a given route 𝒓𝑛 is computed as follows:

𝐶𝑖(𝒓𝑛) =
∑

𝑎∈(𝒓𝑛)
𝐼(𝑎). (6)

For the impacts that involve multiple operations at each location, our impact cost function can be easily modified to include different
impacts for different operations.

Let  be the set of cells obstructed by physical buildings and terrains. Clearly, the route of the OD pair (𝑜𝑛, 𝑑𝑛) must entirely
etour these blocked regions. In other words, we require

(𝒓𝑛) ∩  = ∅, (7)

where the function  maps a route to the set of cells that the route goes through. This constraint ensures that the path for each OD
pair does not intersect with any obstructed cell. However, the network planning problem is intended to design multiple conflict-free
routes. To ensure spatial separation among all OD pairs and thereby prevent any shared use of cells by different routes, the following
constraint is required:

(𝒓𝑖) ∩(𝒓𝑗 ) = ∅,∀𝑖, 𝑗 ∈ [𝑁] & 𝑖 ≠ 𝑗 . (8)

It is important to note that Eq. (3) addresses a simplified network problem, focusing on the most fundamental problem that
necessitates a resolution. There could be additional constraints in real-world route network planning problems. For example, we
may require the planned routes to accommodate the flight dynamics of specific types of UAVs, climbing/descending rate limits,
turning angle limits, speed limits, etc. or we may allow buffer zones to overlap. These additional constraints significantly increase
the complexity of the network problem compared to the simplified version.

3.2. The Multi-Commodity Network Flow (MCNF) formulation

This section introduces how to transform the conceptual problem statement described into an MCNF model. Given a discretized
rid graph , 𝑁 OD pairs (𝑜𝑛, 𝑑𝑛), 𝑛 ∈ [𝑁] are represented as 𝑁 commodities with source nodes  = {𝑠𝑛}𝑁𝑛=1 and sink nodes
= {𝑡𝑛}𝑁𝑛=1, where 𝑠𝑛 = 𝑜𝑛 and 𝑡𝑛 = 𝑑𝑛. Let 𝑥𝑛𝑖𝑗 denote the existence of flow for commodity 𝑛 on arc (𝑖, 𝑗). The cost of flow for

ommodity 𝑛 on arc (𝑖, 𝑗) is represented by 𝑐𝑛 .
𝑖𝑗
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Fig. 6. Illustration for node splitting.

Eq. (3a) is the objective function that minimizes operation and impact costs for all routes. To transform the objective function
to the MCNF format, we first define a route in an MCNF model. A route for OD pair 𝑛 can be represented as a set of arcs where
𝑥𝑛𝑖𝑗 is true, i.e., 𝒓𝑛 = {(𝑖, 𝑗)|𝑥𝑛𝑖𝑗 = 1}. The calculation of operation and impact cost for each route can be decomposed to the sum of
operation and impact cost for the arcs that the route traversed. Thus we can define the cost of flow for commodity 𝑛 on arc (𝑖, 𝑗)
as 𝑐𝑛𝑖𝑗 = 1 + 𝛼𝐼𝐼(𝑎), where arc (𝑖, 𝑗) is inside the cell 𝑎, and 𝐼(𝑎) represents the impact of cell 𝑎. Consequently, the objective function
can be transformed as ∑𝑁

𝑛=1
∑

(𝑖,𝑗)∈ 𝑐𝑛𝑖𝑗𝑥
𝑛
𝑖𝑗 .

Eq. (3b) is the obstacle avoidance constraint. The transformation of this constraint is conducted before conceptual problem
statement. That is, nodes and arcs inside obstacles are excluded from the graph when constructing graph ( ,) from grid cells .
Therefore, in constructing a graph, we first transform the discretized grid cells of the environment, which is an undirected network,
into a directed network, and then we delete the nodes inside the obstacles and all edges that connect these nodes.

Eq. (3c) is the route separation constraint. This constraint requires that tubes cannot intersect with each other. Correspondingly,
in the MCNF model, this constraint indicates that no node or arc of the graph can be occupied by two or more commodities. It can
be transformed into capacity constraints on arcs and nodes such that each arc or node allows only one unit of flow. The arc capacity
constraint is 0 ≤

∑𝑁
𝑛=1 𝑥

𝑛
𝑖𝑗 ≤ 1, and the node capacity constraint is 0 ≤

∑𝑁
𝑛=1

∑

𝑗∶(𝑖,𝑗)∈ 𝑥𝑛𝑖𝑗 ≤ 1.
Therefore, we can derive an MCNF model based on these objectives and constraints together with flow conservation constraints.

The formulation is as follows:

min
𝑁
∑

𝑛=1

∑

(𝑖,𝑗)∈
𝑐𝑛𝑖𝑗𝑥

𝑛
𝑖𝑗 (9a)

s.t.
∑

{𝑗∶(𝑖,𝑗)∈}
𝑥𝑛𝑖𝑗 −

∑

{𝑗∶(𝑗 ,𝑖)∈}
𝑥𝑛𝑗 𝑖 =

⎧

⎪

⎨

⎪

⎩

−1 𝑗 = 𝑠𝑛
0 ∀𝑗 ≠ 𝑠𝑛, 𝑡𝑛
1 𝑗 = 𝑡𝑛

∀𝑛 ∈ [𝑁] (9b)

0 ≤
𝑁
∑

𝑛=1
𝑥𝑛𝑖𝑗 ≤ 1 ∀(𝑖, 𝑗) ∈  (9c)

0 ≤
𝑁
∑

𝑛=1

∑

𝑗∶(𝑖,𝑗)∈
𝑥𝑛𝑖𝑗 ≤ 1 ∀𝑗 ∈ ∕{ ∪  } (9d)

𝑥𝑛𝑖𝑗 ∈ {0, 1} ∀(𝑖, 𝑗) ∈ ,∀𝑛 ∈ [𝑁] (9e)

In Eq. (9), Eq. (9a) minimizes the operation and impact cost, Eq. (9b) represents flow conservation constraints, Eq. (9c) and (9d)
represent arc and node capacity constraints arising from route separation constraints.

3.3. MCNF formulation standardization

We then transform the MCNF model of Eq. (9) into a standardized minimum cost MCNF problem, which can then be solved by
IP solvers. The primary challenge in transformation lies in handling node capacity constraints, which are not considered in standard
minimum-cost MCNF problems. To address this challenge, we apply node splitting to transform node capacity constraints into arc
capacity constraints, as illustrated in Fig. 6. The details are described below.

Let the node capacity threshold be 1. By splitting node 𝑗 into nodes 𝑗_𝑖𝑛 and 𝑗_𝑜𝑢𝑡, the capacity constraint on node 𝑗 can be
transferred to a capacity constraint on arc (𝑗_𝑖𝑛, 𝑗_𝑜𝑢𝑡). Mathematically, this means that the inflow to node 𝑗 must equal the inflow
to node 𝑗_𝑖𝑛, i.e.,

∑

{𝑗∶(𝑖,𝑗)∈}
𝑥𝑛𝑖𝑗 =

∑

{𝑗_𝑖𝑛∶(𝑖,𝑗_𝑖𝑛)∈}
𝑥𝑛𝑖𝑗_𝑖𝑛.

Since flow conservation constraints are still satisfied after transformation (i.e., ∑

{𝑗_𝑖𝑛∶(𝑖,𝑗_𝑖𝑛)∈} 𝑥
𝑛
𝑖𝑗_𝑖𝑛 − 𝑥𝑛𝑗_𝑖𝑛 𝑗_𝑜𝑢𝑡 = 0), we have

∑

{𝑗∶(𝑖,𝑗)∈} 𝑥
𝑛
𝑖𝑗 = 𝑥𝑛𝑗_𝑖𝑛 𝑗_𝑜𝑢𝑡. Thus, the node capacity constraint is transformed from

0 ≤
𝑁
∑

𝑛=1

∑

𝑗∶(𝑖,𝑗)∈
𝑥𝑛𝑖𝑗 ≤ 1

to

0 ≤
𝑁
∑

𝑥𝑛𝑗_𝑖𝑛 𝑗_𝑜𝑢𝑡 ≤ 1.

𝑛=1
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Table 1
Summary of the size of graph and MCNF formulation.

Scenario size 𝑚 × 𝑛 × 𝑙 graph, 𝑁 commodities

Number of nodes Number of arcs
Graph after transformation ≈6(𝑚 ⋅ 𝑛 ⋅ 𝑙) ≈7(𝑚 ⋅ 𝑛 ⋅ 𝑙)

Number of variables Number of constraints
MCNF formulation ≈7(𝑚 ⋅ 𝑛 ⋅ 𝑙 ⋅𝑁) ≈7(𝑚 ⋅ 𝑛 ⋅ 𝑙) + (𝑚 ⋅ 𝑛 ⋅ 𝑙 ⋅𝑁)

Therefore, we can derive a standard minimum cost MCNF problem from Eq. (9) as below:

min
𝑁
∑

𝑛=1

∑

(𝑖,𝑗)∈
𝑐𝑛𝑖𝑗𝑥

𝑛
𝑖𝑗 (10a)

s.t.
∑

{𝑗∶(𝑖,𝑗)∈}
𝑥𝑛𝑖𝑗 −

∑

{𝑗∶(𝑗 ,𝑖)∈}
𝑥𝑛𝑗 𝑖 =

⎧

⎪

⎨

⎪

⎩

−1 𝑗 = 𝑠𝑛
0 ∀𝑗 ≠ 𝑠𝑛, 𝑡𝑛
1 𝑗 = 𝑡𝑛

∀𝑛 ∈ 𝑁 (10b)

0 ≤
𝑁
∑

𝑛=1
𝑥𝑛𝑖𝑗 ≤ 1 ∀(𝑖, 𝑗) ∈  (10c)

0 ≤
𝑁
∑

𝑛=1
𝑥𝑛𝑗_𝑖𝑛 𝑗_𝑜𝑢𝑡 ≤ 1 ∀𝑗 ∈ ∕{ ∪  } (10d)

𝑥𝑛𝑖𝑗 ∈ N ∀(𝑖, 𝑗) ∈ ,∀𝑛 ∈ [𝑁] (10e)

The standard minimum cost MCNF problem in Eq. (10) has the key property of being integer flow and a unit capacity network,
meaning that each arc has a capacity of one flow unit. However, even with only two commodities and unit capacities, this problem
remains NP-hard (Even et al., 1975).

4. Complexity of the air corridor planning problem

The last section has formulated the air corridor network planning problem into a standard MCNF model. This section analyzes
the complexity of corridor network planning by exploring the MCNF model’s complexity. We consider both the problem size and
its NP-hardness in our analysis.

4.1. Problem size of MCNF formulation

The number of nodes and arcs in the network directly impacts the computational resources required; more nodes and arcs
typically mean a larger problem space to explore, and more commodities and capacity constraints can also complicate the solution
in terms of scalability, solution feasibility, and optimization difficulty.

The process of obtaining a minimum-cost MCNF model and the associated changes in network size can be summarized as
follows. First, the urban environment under network planning is first discretized into grid cells, from which a directed network
is generated. Nodes and edges within obstacles are subsequently removed, followed by node splitting across the entire graph. For
a grid graph of size 𝑚 × 𝑛 × 𝑙 in the absence of obstacles, it contains approximately (𝑚 + 1)(𝑛 + 1)(𝑙 + 1) ≈ 𝑚 ⋅ 𝑛 ⋅ 𝑙 nodes and
(𝑛 + 1)(𝑙 + 1) + (𝑚 + 1)𝑛(𝑙 + 1) + (𝑚 + 1)(𝑛 + 1)𝑙 ≈ 3(𝑚 ⋅ 𝑛 ⋅ 𝑙) arcs. Applying node splitting to transform node capacity constraints into

arc capacities doubles the number of nodes from 3(𝑚 ⋅ 𝑛 ⋅ 𝑙) to 6(𝑚 ⋅ 𝑛 ⋅ 𝑙), while the arcs of split nodes increase the number of arcs
from 6(𝑚 ⋅ 𝑛 ⋅ 𝑙) to 7(𝑚 ⋅ 𝑛 ⋅ 𝑙). Thus for a grid graph size of 𝑚 × 𝑛 × 𝑙 in the absence of obstacles, the network after the transformation
has 6(𝑚 ⋅ 𝑛 ⋅ 𝑙) nodes and 7(𝑚 ⋅ 𝑛 ⋅ 𝑙) arcs.

If there are 𝑁 commodities in such a network, the number of 0–1 decision variables is the product of the number of arcs and
commodities: 7(𝑚⋅𝑛⋅𝑙 ⋅𝑁). The number of capacity constraints equals the number of arcs: 7(𝑚⋅𝑛⋅𝑙), while the flow balance constraints
qual the product of the number of nodes and commodities: 𝑚 ⋅𝑛 ⋅ 𝑙 ⋅𝑁 . Thus, in a route network planning problem with a grid graph
ize of 𝑚 × 𝑛 × 𝑙 in the absence of obstacles and 𝑁 commodities, the multi-commodity network flow formulation has 7(𝑚 ⋅ 𝑛 ⋅ 𝑙 ⋅𝑁)
ariables and 7(𝑚 ⋅ 𝑛 ⋅ 𝑙) + (𝑚 ⋅ 𝑛 ⋅ 𝑙 ⋅𝑁) constraints.

It should be noted that the current MCNF model extracts networks from grid cells; however, diagonal nodes and others that
can ‘‘see’’ each other are not connected in the current networks. To make generated routes more realistic, such nodes should be
connected, which will significantly increase the arcs in the network. Additionally, other side constraints that are omitted in the
current MCNF model can also increase the variables and constraints in the model for real applications. Therefore, the problem size
for the real-world air corridor planning problem can be much larger than that of the current MCNF model, although the problem
size for the current MCNF model is already very large (see Table 1).
9 



X. He et al.

g

m
N

p

D

Transportation Research Part E 193 (2025) 103859 
4.2. NP-hardness of MCNF formulation

Proposition 1. A flow problem is simple if the capacities of all edges are equal to one. Simple two-commodity integral flow in directed
raphs(D2CIF) is NP-hard (Even et al., 1975).

Theorem 1. The MCNF model for route network planning is NP-hard.

Proof. For simple D2CIF, besides the flow conservation constraints, the constraints can be represented as

0 ≤ 𝑥1𝑖𝑗 + 𝑥2𝑖𝑗 ≤ 1,

𝑥1𝑖𝑗 , 𝑥2𝑖𝑗 ∈ N.

For MCNF model with 𝑁 commodities, it has constraints

0 ≤
𝑁
∑

𝑛=1
𝑥𝑛𝑖𝑗 ≤ 1,

𝑥𝑛𝑖𝑗 ,∈ N, ∀𝑛 ∈ [𝑁],

let 𝑦𝑖𝑗 =
∑𝑁−1

𝑛=1 𝑥𝑛𝑖𝑗 , then the constraints will be transformed to
0 ≤ 𝑦𝑖𝑗 + 𝑥𝑁𝑖𝑗 ≤ 1,

𝑦𝑖𝑗 , 𝑥𝑁𝑖𝑗 ∈ N.

This is identical to the constraints for the simple D2CIF, thus allowing the simple D2CIF to be considered a special case of the MCNF
odel for route network planning. Given that the simple D2CIF is NP-hard, the MCNF model for route network planning is also
P-hard.

It should be noted that while the MCNF model addresses the simplified network planning problem, for real-world network
lanning problems, the MCNF model can become more complicated due to additional constraints. Since the MCNF model for the

simplified problem is NP-hard, real-world network planning will be at least as challenging, being NP-hard or more so.

5. Solutions for the air corridor planning problem

5.1. Integer programming (IP) solvers for MCNF model

This section solves the MCNF model to get an optimal solution. We use IP solvers to obtain such solutions for benchmarking.
ifferent optimization software uses different algorithms and different programming in their IP solvers. Here we consider two

software, one is commercial software – Gurobi (Gurobi, 2021), and one is open-source package – GNU Linear Programming Kit
(GLPK) (GLPK, 2021).

The Gurobi solver leverages an advanced branch-and-cut (B&C) algorithm, which enhances the traditional branch and bound
(B&B) methodology by incorporating cutting planes and heuristic strategies to efficiently resolve IP problems. The core principle
of B&B is to systematically partition the search space of the problem into smaller, manageable subproblems using a tree structure,
and to solve each subproblem individually to find an optimal solution (Clausen, 1999; Balas and Toth, 1983). At the base of the
tree is the IP problem that awaits resolution. Each node within the tree processes the problem’s linear programming (LP) relaxation,
which temporarily relaxes integer constraints to allow non-integer solutions. If the LP relaxation is infeasible, the node and its
descendants are pruned. If the LP relaxation provides a non-integer solution, the solver branches on a non-integer variable and
creates two subproblems corresponding to the variable being fixed to either its floor value ⌊𝑥⌋ or its ceiling value ⌈𝑥⌉. If the LP
relaxation provides an integer solution, it is compared to the current best integer solution. If it is better, the current best solution
is updated. If the root node’s LP relaxation results in an integer solution, this solution is established as optimal. Techniques such as
the primal simplex and primal–dual interior-point methods are employed to solve LP relaxations and find a warm start for the B&B
algorithm (Dantzig et al., 1955; Potra and Wright, 2000).

The B&B algorithm is a powerful technique for solving IP problems, but it can be computationally expensive for large problems.
Cutting planes is a technique used by Gurobi to improve the efficiency of the IP solver. Cutting planes are linear inequalities that are
added to the LP relaxation of the problem to tighten the LP relaxation and improve the lower bound (Padberg and Rinaldi, 1991;
Mitchell, 2002). The solver generates cutting planes by analyzing the structure of the problem and identifying valid inequalities
that are satisfied by all integer solutions. Heuristics are also used by Gurobi to quickly find good integer solutions for the problem.
These heuristics are based on problem-specific knowledge and customized by the user. These techniques make B&C more effective
than B&B for some types of IP problems, especially when the LP relaxation is loose and cutting planes can significantly tighten it.
10 
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Fig. 7. The Sequential Route Network Planning (SRP) method (He et al., 2022).

GLPK is an open-source software package for solving IP problems. It relies primarily on a B&B algorithm to solve IP problems, but
it still integrates the cutting plane function. Both Gurobi and GLPK are powerful tools for solving integer programming (IP) problems.
However, differences in algorithms, implementation in terms of performance optimization and parallelization, solver parameters,
and problem characteristics can affect their efficiency for different problems. Therefore, it is appropriate to apply both solvers to
the network flow problem to see which one performs better.

5.2. A sequential graph-search-based method: Sequential Route Network Planning Method (SRP)

This section introduces a graph-search-based approach for UTM planning, known as the Sequential Route Network Planning
method (SRP), developed in our prior work (He et al., 2022). This approach employs a hierarchical prioritization scheme that
separates the planning of a route network into a sequence of single-path planning tasks executed in sequence. Prioritization rules
are applied to order OD pairs, ensuring that important routes have higher priority for airspace usage to enhance overall system
performance. In the SRP framework (as shown in Fig. 7), the routes to be planned are ordered into sequences according to
predetermined criteria, which guide the subsequent Network Planning module in designing a feasible route network. Each route
sequence runs the Individual Route Planning repeatedly to form a route network. After generating all potential networks, the Network
Evaluation module assesses each network, selecting the one with the minimal costs. This selected network is then evaluated for
risk across all air corridors; only networks meeting established safety thresholds are feasible. If no network meets the criteria, the
planning fails.

5.3. A distributed graph-search-based method: Distributed Route Planning with congestion pricing (DRP)

This section introduces a graph-search-based planning method — the distributed route network planning method (DRP)
developed in our prior work (He et al., 2024) for UTM planning. The DRP method uses a distributed planning framework where each
origin–destination (OD) pair optimizes its route independently to minimize travel distance, following overall coordination strategies.
A distinctive aspect of the DRP approach is the incorporation of congestion costing, which functions as a flexible constraint to
11 
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Fig. 8. The distributed route network planning (DRP) method (He et al., 2024).

facilitate airspace allocation. Instead of relying on rigid constraints to manage conflicts, as traditional methods do, this approach
uses adjustable congestion costs. These costs are dynamically modified to reroute traffic from busy airspaces to less crowded ones,
improving overall system efficiency and minimizing potential conflicts.

The DRP method is illustrated in Fig. 8 and further detailed in He et al. (2024). In the DRP method, initially, the Extended Theta*
algorithm in the Initial Path Generation module calculates optimal routes for each OD pair without accounting for congestion.
Subsequently, congestion levels are analyzed by calculating the frequency of grid cell usage across routes. In the Congestion
Reduction Plans Generation module, alternate paths are proposed independently for each route to mitigate congestion, facilitated
by dynamic congestion costs. These proposals are then evaluated using a function that balances congestion reduction and minimal
travel distance increases. The process concludes with the Path Update module, which implements the optimized routes based on
these evaluations.

The SRP and DRP methods applied in this work are simplified versions of the methods developed separately in He et al. (2022)
and He et al. (2024). The baseline algorithm for searching a single route is a degradation from Extended Theta*, where routes are
not restricted to the edges of the grids, to A*, which generates routes that strictly follow the edges of the grid network, akin to
the network flow method. Additionally, the cost objective function and constraints in SRP and DRP are aligned with Eq. (3) in this
work.

6. Computational experiments

6.1. Testing on a standard 2D scenario
12 
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Fig. 9. 2D scenario for testing (Sturtevant, 2012).

Table 2
Summary for network sizes for testing.

Numbers of grid cells 256 × 256 128 × 128 64 × 64

Number of nodes 112 590 31 942 7366
Number of arcs 277 391 78 636 17 492

6.1.1. Testing scenario
We conduct a set of tests to compare the graph-search-based methods, namely SRP and DRP methods, against applying

commercial solvers (Gurobi and GLPK) to the MCNF formulation, for solving route network planning problems in a standard 2D
scenario (Sturtevant, 2012) with a coverage of 2.5 km by 2.5 km, as depicted in Fig. 9. In this scenario, the impacts of flight
operations are uniformly distributed, thus, the impact is directly proportional to the distance of flight operations.

In the baseline experiments, we discretize the map into a grid graph with a resolution of 10 m (256 × 256). It includes 256 by
256 grid cells. A total of 10 routes need to be generated in the baseline experiments. Then sensitivity analysis were performed to
understand the effect of the numbers of grid cells and the numbers of routes on computational resources and optimality. Specifically,
we use resolutions of 10 m (256 × 256), 20 m (128 × 128), and 40 m (64 × 64), and a number of routes ranging from 1 to 20.
Table 2 shows the number of nodes and arcs for different grid sizes in this 2D scenario.

6.1.2. Computational implementation
The MCNF model with Gurobi/GLPK solver is implemented following the steps as illustrated in Fig. 10. The first step, environment

formulation, generates nodes, arcs, and commodities from the environment data. The process begins with environment discretization
to generate grid cells. Each grid cell is then assigned a unique node ID. OD pairs are recorded as sets of {In_ID} and {Out_ID}. Arcs
are defined based on node IDs, with an in-flow node From_ID and an out-flow node To_ID. Each arc has a cost for traversing and
a maximum capacity of 1 for the network planning problem. Commodities are determined by their origin nodes (Source_ID) and
destination nodes (Sink_ID), with a quantity of 1 for the network planning problem. The second step, modeling, uses the Pyomo
optimization interface (Bynum et al., 2021) to formulate objective functions and constraints and imports them into optimization
software such as Gurobi. The third step, optimize(), employs optimization software to derive optimal objective and decision variable
values, yielding flows for each commodity or routes for each OD pair. The optimization software utilizes Integer Programming (IP)
solvers for optimization.

When implementing the SRP and the DRP algorithm, the input environment data and the OD pairs data are consistent with the
ones used in the MCNF model. Only the network planing modules used different methods as illustrated in Section 5.2 for SRP and
Section 5.3 for DRP.

All computations were executed on an Ubuntu server equipped with 32 Intel Xeon Gold 5218 processors and 13 GB of RAM.

6.1.3. Evaluation metrics
We use the total distance of routes [km] as a proxy of the total cost, measuring optimality, and the computational time [s] needed to

generate a feasible route network, measuring the computational resources needed. The total distance is a suitable proxy for solution
optimality since the impact cost is directly proportional to the total distance in this scenario. The primary objective of the following
tests is to understand the differences in optimality and computational time of the MCNF model and the graph-search-based methods,
especially for large maps with many OD pairs.
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Fig. 10. Implementation of the MCNF model.

Table 3
Baseline results of 10 routes for the methods on 256 × 256 grid cells.

MCNF model: GLPK MCNF model: Gurobi Graph-search: SRP Graph-search: DRP

Computation
time [s]

Total route
distance [km]

Computation
time [s]

Total route
distance [km]

Computation
time [s]

Total route
distance [km]

Computation
time [s]

Total route
distance [km]

– – 14 534 3.42 # # 3.1 3.57

–: A feasible solution may exist, but the algorithm failed to converge in 10 h
#: A feasible solution may exist, but the algorithm returned no feasible solution.

6.1.4. Baseline results
In the baseline experiments, all methods were used to plan a network with 10 routes connecting the pre-specified origins and

destinations on the 256 × 256 grid cells, as shown in Fig. 11 and Table 3. For the MCNF model, Gurobi found a feasible solution,
but GLPK failed to find a feasible solution within 10 h. For the graph-search-based methods, SRP failed to find a feasible solution,
while DRP found a feasible solution. Comparing DRP and Gurobi, DRP took much less computational time with a small gap in
total distance. The results indicates that DRP can find near-optimal solutions within a short computational time for the baseline
experiments.

6.1.5. Sensitivity analysis on number of routes
We conducted a sensitivity analysis on the number of routes, ranging from 1 to 20. The results are presented in Table 4 and

Fig. 12. With the increase of the number of routes, the computation times for the MCNF model using either Gurobi or GLPK grow
rapidly, exceeding 10 h for just 12 routes. In contrast, the graph-search-based methods, SRP and DRP, exhibit significantly shorter
computation times, and their rate of increase is much slower than that of the MCNF models. However, these methods yield slightly
longer route distances compared to the MCNF models.

Specifically, within the MCNF models, Gurobi’s IP solver demonstrates shorter computation times than GLPK’s as the number of
routes increases. This can be attributed to Gurobi’s superior performance optimization and parallelization capabilities as commercial
software. In this experiment, GLPK is limited to using a single CPU, whereas Gurobi efficiently utilizes multiple CPUs in parallel at
its peak. This experiment was conducted using default solver parameters without any optimization. Among the graph-search-based
methods, DRP not only provides better route distances but also identifies more feasible routes.
14 
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Fig. 11. 10 routes planned by MCNF model using Gurobi and GLPK solvers, and graph-search methods SRP and DRP on 256 × 256 grid cells.

Table 4
Results on 256 × 256 grid cells for different number of routes.

Number of
routes

MCNF: GLPK MCNF: Gurobi Graph-search: SRP Graph-search: DRP

Computation
time [s]

Route
distance [km]

Computation
time [s]

Route
distance [km]

Computation
time [s]

Route
distance [km]

Computation
time [s]

Route
distance [km]

1 1224 0.39 17 0.39 0.01 0.39 0.03 0.39
2 12 241 0.73 99 0.73 0.02 0.73 0.08 0.73
3 – – 196 1.08 0.12 1.08 0.1 1.08
4 – – 1314 1.42 0.73 1.52 0.6 1.43
5 – – 3015 1.67 1.28 1.68 0.7 1.68
6 – – 4517 2.00 3.22 2.05 1.3 2.00
7 – – 4884 2.33 4.35 2.36 1.6 2.34
8 – – 7464 2.66 7.43 2.85 2.3 2.70
9 – – 10 145 2.99 9.43 3.14 2.6 3.04
10 – – 14 534 3.42 # # 3.1 3.57
11 – – 16 438 3.78 # # 6.9 3.84
12 – – 31 306 4.14 # # 7.6 4.19
13 – – – – # # 8.0 4.61
14 – – – – # # 8.9 4.81
15 – – – – # # 11.5 5.17
16 – – – – # # 21.3 5.64
17 – – – – # # 28.8 6.32
18 – – – – # # 30.7 6.57
19 – – – – # # 31.5 6.97
20 – – – – # # 39.2 7.18

–: A feasible solution may exist, but the algorithm failed to converge in 10 h
#: A feasible solution may exist, but the algorithm returned no feasible solution.

6.1.6. Sensitivity analysis on number of grid cells
We also conducted a sensitivity analysis on the number of grid cells, which ranged from 64 × 64 to 256 × 256. The results are

summarized in Tables 5 through 8.
For a small region with a large number of routes to plan, it is possible that no feasible solution exists. Therefore, graph-search-

based methods, such as SRP and DRP, may fail to identify a conflict-free route network even for a small number of routes if the
region is over-crowded.

As the number of grid cells increases, the MCNF model demands significantly more computational time and easily to exceed
10 h, especially when using the GLPK solver. In contrast, the graph-search-based methods are capable of finding a large number of
routes while still maintaining relatively small computational times.

6.1.7. Test on relaxed MCNF problem with fractional flows
The MCNF model is NP-hard even for only two commodities and unit capacities if flows are integer. If fractional flows are

allowed, the problem is only a P problem and can be solved by linear programming (LP) in polynomial time. Therefore, we also
show the computational time for solving the relaxed problems as an informative benchmark. As shown in Table 9, MCNF with
fractional flows can be solved much faster than integer MCNF. However, the relaxed problems permit fractional flows, which makes
the resulting solution not immediately applicable for tackling the path planning problem in UTM. Further investigation is warranted
in this area.
15 
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Fig. 12. Route networks planned by MCNF model using Gurobi solver and GLPK solver, and graph-search methods SRP and DRP on 256 × 256 grid cells.

6.2. Demonstration in real-world scenarios

This section shows the applications of graph-search-based methods in real-world scenarios. Real-world constraints are considered
in these scenarios, e.g. 3D space and altitude constraints, aerial vehicle dynamics, different risk levels of urban zones, etc. The two
16 
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Table 5
Results of MCNF model using GLPK solver on different size of grid cells.

Number of
routes

Numbers of grid cells: 64 × 64 Numbers of grid cells: 128 × 128 Numbers of grid cells: 256 × 256

Computation
time [s]

Route
distance [km]

Computation time
[s]

Route
distance [km]

Computation time
[s]

Route
distance [km]

1 2.6 0.38 104.1 0.38 1224 0.39
2 13.4 0.71 525.5 0.71 12 241 0.73
3 101.4 1.06 2735.0 1.06 – –
4 3349.6 1.412 – – – –
5 – – – – – –
6 – – – – – –
7 – – – – – –
8 – – – – – –
9 – – – – – –
10 – – – – – –
11 – – – – – –
12 – – – – – –
13 – – – – – –
14 – – – – – –
15 – – – – – –
16 – – – – – –
17 – – – – – –
18 – – – – – –
19 – – – – – –
20 – – – – – –

–: A feasible solution may exist, but the algorithm failed to converge in 10 h.

Table 6
Results of MCNF model using Gurobi solver on different size of grid cells.

Number of
routes

Numbers of grid cells: 64 × 64 Numbers of grid cells: 128 × 128 Numbers of grid cells: 256 × 256

Computation
time [s]

Route
distance [km]

Computation time
[s]

Route
distance [km]

Computation time
[s]

Route
distance [km]

1 1.9 0.38 3.7 0.38 17 0.39
2 4.9 0.71 16.8 0.71 99 0.73
3 6.4 1.06 56.1 1.06 196 1.08
4 8.5 1.41 74.9 1.40 1314 1.42
5 11.6 1.66 494.7 1.66 3015 1.67
6 14.8 1.98 807.5 1.98 4517 2.00
7 68.9 2.31 1572.6 2.31 4884 2.33
8 92.5 2.64 2877.9 2.64 7464 2.66
9 94.2 2.98 3191.4 2.97 10 145 2.99
10 177.5 3.40 5100.2 3.39 14 534 3.42
11 383.0 3.76 11 887.3 3.77 16 438 3.78
12 403.5 4.12 17 391.2 4.13 31 306 4.14
13 a a – – – –
14 a a – – – –
15 a a – – – –
16 a a – – – –
17 a a – – – –
18 a a – – – –
19 a a – – – –
20 a a – – – –

–: A feasible solution may exist, but the algorithm failed to converge in 10 h.
a The model was proven to be infeasible, and no feasible solution exists.

areas shown below came from real-world applications of the SRP algorithm and the DRP algorithm, where our company collaborators
ave operations or plan to have operations. The scale and specification of these two areas are different, therefore direct numerical
omparison is not provided in this section.

Fig. 13 presents a network of 12 air corridors developed using the SRP algorithm in a district in Hangzhou, China, where drone
delivery service has been deployed by Antwork Technology since 2020. The specific area is an urban zone of approximately 15.75 k m2

(5.35 km by 2.95 km).
Fig. 14 shows a network of 16 air corridors using the DRP algorithm in Mong Kok, a district within Hong Kong SAR. Drone

elivery services in Hong Kong are still in the developmental and testing stages, primarily due to the city’s complex airspace,
ense population, and strict regulatory framework. Hong Kong high-rise urban environment presents unique challenges for drone
17 
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Table 7
Results of graph-search-based method SRP on different size of grid cells.

Number of
routes

Numbers of grid cells: 64 × 64 Numbers of grid cells: 128 × 128 Numbers of grid cells: 256 × 256

Computation
time [s]

Route
distance [km]

Computation time
[s]

Route
distance [km]

Computation time
[s]

Route
distance [km]

1 0.01 0.38 0.01 0.38 0.01 0.39
2 0.01 0.71 0.01 0.71 0.02 0.73
3 0.02 1.09 0.05 1.07 0.12 1.08
4 # # 0.20 1.42 0.73 1.52
5 # # 0.43 1.74 1.28 1.68
6 # # 0.80 2.10 3.22 2.05
7 # # 1.45 2.32 4.35 2.36
8 # # 3.92 2.67 7.43 2.85
9 # # # # 9.43 3.14
10 # # # # # #
11 # # # # # #
12 # # # # # #
13 # # # # # #
14 # # # # # #
15 # # # # # #
16 # # # # # #
17 # # # # # #
18 # # # # # #
19 # # # # # #
20 # # # # # #

#: A feasible solution may exist, but the algorithm returned no feasible solution.

Table 8
Results of graph-search-based method DRP on different size of grid cells.

Number of
routes

Numbers of grid cells: 64 × 64 Numbers of grid cells: 128 × 128 Numbers of grid cells: 256 × 256

Computation
time [s]

Route
distance [km]

Computation time
[s]

Route
distance [km]

Computation time
[s]

Route
distance [km]

1 0.004 0.38 0.01 0.38 0.03 0.39
2 0.01 0.71 0.03 0.71 0.08 0.73
3 0.02 1.06 0.04 1.06 0.1 1.08
4 0.07 1.41 0.4 1.41 0.6 1.43
5 0.1 1.66 0.4 1.66 0.7 1.68
6 0.1 1.99 0.8 2.02 1.3 2.00
7 0.4 2.33 1.2 2.32 1.6 2.34
8 0.6 2.82 2.3 2.67 2.3 2.70
9 # # 2.6 3.01 2.6 3.04
10 # # 2.93 3.43 3.1 3.57
11 # # 3.23 4.03 6.9 3.84
12 # # 3.85 4.39 7.6 4.19
13 # # 4.69 4.50 8.0 4.61
14 # # 4.92 4.94 8.9 4.81
15 # # 5.87 5.53 11.5 5.17
16 # # # # 21.3 5.64
17 # # # # 28.8 6.32
18 # # # # 30.7 6.57
19 # # # # 31.5 6.97
20 # # # # 39.2 7.18

#: A feasible solution may exist, but the algorithm returned no feasible solution.

navigation and safety. This route network planning demonstration is conducted as part of an exploration and evaluation effort, to
navigate these challenges and prove the viability of drone delivery technologies in Hong Kong’s unique environment.

6.3. Managerial insights

Solving the air corridor planning problem is a complex task if we want to get an optimal solution. While human operators
might design similar individual air corridors, the complexity of managing dozens or hundreds of air routes simultaneously in
urban environments exceeds human capability. An automated design process is essential for handling this complexity at scale. Our
testing results show that the network-flow-based method with generic IP solvers takes a long time to solve the multi-path planning
problem, making it less preferable in practice, but it can provide an optimality reference to evaluate other methods. Additionally,
18 
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Table 9
Computational time [s] for solving integral and fractional MCNF using Gurobi IP and LP solver.

Number of ODs Numbers of grid cells: 64 × 64 Numbers of grid cells: 128 × 128 Numbers of grid cells: 256 × 256

Integral (IP) Fractional (LP) Integral (IP) Fractional (LP) Integral (IP) Fractional (LP)

1 1.9 0.5 3.7 2.6 17 10.6
2 4.9 0.8 16.8 3.2 99 15.4
3 6.4 1.4 56.1 5.5 196 30.7
4 8.5 1.8 74.9 8.7 1314 43.3
5 11.6 2.1 494.7 11.3 3015 50.9
6 14.8 2.6 807.5 13.8 4517 62.8
7 68.9 3.3 1572.6 15.9 4884 76.5
8 92.5 3.9 2877.9 18.6 7464 87.3
9 94.2 4.7 3191.4 21.1 10 145 109.4
10 177.5 5.3 5100.2 24.5 14 534 120.0
11 383.0 6.1 11 887.3 29.5 16 438 134.8
12 403.5 6.6 17 391.2 31.2 31 306 162.5
13 a 7.8 – 35.0 – 168.44
14 a 9.4 – 41.4 – 199.21
15 a 10.2 – 45.5 – 222.6
16 a 11.4 – 50.2 – 247.3
17 a 12.7 – 54.6 – 287.4
18 a 13.3 – 58.9 – 304.8
19 a 14.7 – 63.6 – 333.8
20 a a – 71.3 – 359.1

–: A feasible solution may exist, but the algorithm failed to find one in 10 h.
a The model was proven to be infeasible, and no feasible solution exists.

Fig. 13. A set of paths planned by the SRP method for an area in Hangzhou, China.

Gurobi’s IP solver is more efficient in solving the MCNF model than GLPK’s IP solver. In comparison, in real-world scenarios, the
graph-search-based methods may be more viable considering computational time and side constraints.

A limitation here is that the current MCNF model extracts networks from grid cells. Diagonal nodes and other nodes that can ‘‘see’’
each other are not connected in current networks. As a result, generated routes can only follow three coordinate axis directions,
which is not desired in real applications. To make generated routes more realistic, nodes that can ‘‘see’’ each other should be
connected, but this would make the network extremely large and difficult to solve. Moreover, as urban drone delivery scales up,
the airspace could become even more congested, and the graph-search-based methods may fail to solve all potential conflicts and
handle such a high level of traffic density. Other emerging computational techniques, e.g. reinforcement learning, evolutionary
optimization, etc., shall be explored in the future.

As we grapple with the swift advancement in fields such as drone delivery, air mobility, and other low-altitude aerial activities,
the establishment of dynamic and resilient Unmanned Aircraft System Traffic Management (UTM) infrastructures and policies
becomes vital. This research focuses on evaluating the complexity of the air corridor planning problem and existing computational
19 
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Fig. 14. A set of paths planned by the DRP method for Mong Kok, Hong Kong SAR.

techniques to aid in the planning and operations of UTM. It represents an initial effort to connect two distinct modeling and
computational methodologies: the Network Flow model with Integer Programming (IP) and the graph-search-based algorithm.

Our findings offer valuable insights that could guide the formulation of UTM policies on two levels. On the first level, the results
of this work demonstrate the significance of computational complexity involved in solving drone route network planning problems.
The findings indicate that structured routes are already highly complex; the transition towards free flight in ConOps will introduce
even greater computational challenges, thereby increasing complexity. On the second level, the findings in this work show that,
for UTM in low-altitude airspace, a centralized multi-path planning approach alone will not be enough. Pre-planned structures and
distributed planning would be needed to guarantee the safety, robustness, and efficiency of drone operations in low-altitude airspace.
This also implies that the digital sharing of each user’s planned and actual flight details would be essential for a reliable, safe, and
efficient UTM. This will require new communication, navigation, and surveillance infrastructure and systems to be developed and
implemented. Policymakers might consider devising incentives or frameworks to champion such initiatives and investments.

7. Conclusion

Establishing the necessary infrastructure and formulating Concepts of Operations (ConOps) for Unmanned Aircraft System Traffic
Management (UTM) is absolutely critical for facilitating large-scale drone operations. Different from most existing research focuses
on routing and traffic management problems, this study focuses on the complexity of the air corridor planning problem and
computational methodologies used for the planning and operations of UTM. It is one of the few attempts to compare two unique
modeling and computation methods: the Network Flow model with Integer Programming (IP) and the graph-search-based algorithm,
to address the corridor network planning problem. We conduct a set of experiments to compare an MCNF model, DRP, and SRP
algorithm. In summary, the air corridor planning problem is very complex; it is NP-hard and has a large problem size for real-world
scenarios. The MCNF using generic IP solvers generates a route network that is optimal with respect to the objective function but
requires a significant amount of time. In contrast, the DRP method finds near-optimal solutions quickly and efficiently; the SRP
method also finds near-optimal solutions quickly but may quickly fail to find all routes in denser airspace.

Future work is planned in two directions: (1) to advance the current methods to achieve super performance in both computational
efficiency and optimality, leveraging the theoretical frameworks of optimization modeling and the computational power of artificial
intelligence (AI) techniques; (2) to explore UTM ConOps towards free flight with temporal separations, therefore developing
computation methods to support 4-Dimensional Trajectory (4DT) planning for a route network of urban drone delivery service.

To enable a large scale of drone operations in low-altitude airspace, UTM policies need to be adaptive as methods and systems
evolve. The evolving nature of technologies underscores the necessity for policies to adjust. A consistent policy review mechanism,
which ensures UTM policies remain updated, efficacious, and in tandem with technological advancements, should be an essential
consideration for stakeholders.
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