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Abstract— In this paper, a novel reduced-dimensional sea-
sonal autoregressive modeling algorithm with a canonical
correlation analysis objective (RDSAR-CCA) is developed for
dynamic feature extraction and prediction in high-dimensional
time series with seasonality. The proposed algorithm estimates
a seasonal reduced-dimensional dynamic model for extract-
ing and modeling the latent dynamics within the data. This
approach facilitates dynamic latent variable (DLV) analysis
in high-dimensional seasonal time series. The DLVs extracted
by the proposed algorithm are orthogonal and ranked in de-
scending order of predictability, which simplifies interpretation
and enhances visualization. The effectiveness and superiority
of the proposed RDSAR-CCA algorithm are evaluated on the
passenger flow data from the Shenzhen metro system.

I. INTRODUCTION

Analysis and applications on high dimensional time series
are drawing increasing attention in many domains. Time
series data obtained from dynamic systems often exhibit
high dimensionality, typically characterized by strong cross-
correlations and auto-correlations [1]–[3]. However, the dy-
namic of interest in time series is often in a latent space with
low dimension [4]. Owing to the strong cross-correlations
among variables, a set of lower-dimensional latent variables
could represent the original high-dimensional time series.

Traditional reduced-dimensional latent methods such as
principal component analysis (PCA), canonical correlation
analysis (CCA), and partial least squares (PLS) are wildly
used for data analytics [5]–[7]. These methods only consider
static modeling and ignore the auto-correlations or dynamics
of time series. Moreover, dynamic factor models (DFM)
methods extract dynamic latent factors [8], [9], considering
time dependence among data. When extracting latent factors,
these DFM methods minimize mean squared reconstruction
error rather than mean squared prediction error.

Predictable feature analysis (PFA) aims to extract pre-
dictable latent variables from high-dimensional time series
by minimizing the mean squared prediction error [10]. This
method builds a vector autoregressive model on the original
high dimensional time series, leading to numerical stability
issues when the time series are highly colinear. Moreover,
slow feature analysis (SFA) based methods [11]–[13] try
to extract “slowly varying” time series. However, ‘slowly
varying’ is not necessary for a predictable time series. There
exist predictable time series without slow variations.
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Recently, Dong et al. introduced the dynamic-inner prin-
cipal component analysis (DiPCA) [14] and dynamic-inner
canonical correlation analysis (DiCCA) [4], [15] for latent
dynamic modeling. These methods extract low dimensional
dynamic latent variables (DLVs) from high dimensional
time series and model them as univariate autoregressive
processes. To handle the interactions between DLVs, Dong et
al. [16] developed an improved algorithm that models DLVs
with vector autoregressive processes. Later, Qin [17], [18]
developed a latent vector autoregressive modeling algorithm
with a CCA objective (LaVAR-CCA) for extracting fully
interacting DLVs, whose probabilistic version and state space
generalization are developed in [19] and [20]. However,
these methods extract DLVs of explicit dynamics without
considering seasonality. High dimensional time series data
from many dynamic systems, such as climate, transporta-
tion, and electricity consumption, often demonstrate typical
seasonality due to physical principles and usage patterns.
The actual latent structure of these dynamic systems contains
various seasonal patterns. These methods fail to capture
seasonal patterns, reducing the efficiency of extracting and
predicting DLVs.

In this study, we propose a novel reduced-dimensional
seasonal autoregressive modeling algorithm with a CCA
objective (RDSAR-CCA). The proposed algorithm extracts
the lower-dimensional DLVs by maximizing the correlation
between DLVs and their self-predictions, thus capturing
the most significant dynamic patterns in high-dimensional
time series. The key of the proposed algorithm lies in its
use of seasonal autoregressive (SAR) models as the inner
model, which effectively captures and explicitly models
the seasonal patterns within time series data. The DLVs
extracted by RDSAR-CCA are uncorrelated to each other and
ranked in descending order of predictability, offering clear
interpretation and enhanced visualization. By constructing a
seasonal latent model that closely aligns with the actual latent
structure of the high-dimensional time series, RDSAR-CCA
significantly improves prediction accuracy. The passenger
flow data from the Shenzhen metro system is utilized to
demonstrate the superiority of the proposed RDSAR-CCA
algorithm.

II. REDUCED-DIMENSIONAL SAR WITH A CCA
OBJECTIVE

Time series models aim to explore the temporal depen-
dence in data. Since high-dimensional time series, especially
in climate, transportation, and electricity consumption, often
exhibit significant seasonal patterns, we propose a DLV
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modeling method to capture and model the seasonal latent
patterns in high-dimensional time series. In this section,
RDSAR-CCA is developed, which can be applied to the
time series of seasonal patterns and achieve practical DLV
analysis.

A. Objective function

RDSAR-CCA aims to represent the strong dynamics in
data through the latent principal time series {tk}N+h

k=1 , which
is explicitly modeled by a SAR model, noted as SAR(p, P, l):

ϕ(B)Φ(B)tk = γk (1)

where ϕ(B) = 1−
∑p

i=1 ϕiBi, Φ(B) = 1−
∑P

j=1 ΦjBjl, l
defines the length of season and B is the backward shift
operator, which means Btk = tk−1. The residual γk is
uncorrelated in time and with zero mean. The vector of
model parameters is denoted as φ = [ϕ1...ϕp,Φ1...ΦP ]

T .
The dynamic process (1) can be rewritten as

tk =

p∑
i=1

ϕitk−i +

P∑
j=1

Φjtk−jl −
p∑

i=1

P∑
j=1

ϕiΦjtk−i−jl + γk.

(2)
Therefore, the self-prediction of tk is given as

t̂k = (1− ϕ(B)Φ(B))tk ≡ G(B)tk (3)

where G(B) is the the prediction transfer function.
Denote a time series {xk}N+s

k=1 with m variables, such
latent variable tk can be formed by linearly combining the
variables of xk:

tk = xTkw (4)

where w is the linear transformation vector. To exclude
the initial transition period, we formulate the data ma-
trix X = [x1 x2 ... xh+N ]T into a submatrix Xh =
[xh+1 xh+2 ... xh+N ]T , followed by defining its correspond-
ing latent score vector th = [th+1 th+2 ... th+N ]T and
predicted latent score vector t̂h = [t̂h+1 t̂h+2 ... t̂h+N ]T ,
where h = p+ Pl.

Mathematically, the objective function of RDSAR-CCA
is developed as maximizing the correlation between th and
its self-prediction t̂h to make sure th is best predicted.
This objective function can be represented as minimizing
the prediction error [17]:

min
w,φ

∥∥th − t̂h
∥∥2

s.t. ∥th∥2 = 1
(5)

B. Solution to RDSAR-CCA

To solve the objective function (5) more straightforwardly
by transforming the objective function into a simple form, we
perform the economy singular value decomposition (SVD)
on Xh:

Xh = UhDVT (6)

For VTV = I, we can get U from:

U = XVD−1. (7)

We let

t = Uwu = Xw, th = Uhwu = Xhw. (8)

In this way, we can use U instead of data matrix X to obtain
wu that minimize objective function (5). From equation (6)
and (8), we have the relationship between w and wu:

w = VD−1wu. (9)

Therefore, tk = uT
kwu = xTkw, where uT

k means each row
of the matrix U and Buk = uk−1. The prediction residuals
are equivalent to

tk − t̂k = uT
kwu − (1− ϕ(B)Φ(B))uT

kwu = ũT
kwu (10)

where ũk = ϕ(B)Φ(B)uk.
Similarly, we denote Ũh = [ũh+1 ... ũh+N ]T and

Uh = [uh+1 ... uh+N ]T . The prediction error in (5) can
be represented in a straightforward form as:

th − t̂h = Ũhwu (11)

The objective function (5) is equivalent to

min
wu,φ

∥∥∥Ũhwu

∥∥∥2
s.t. ∥Uhwu∥2 = 1

(12)

Importantly, owing to the orthogonality of Uh, UT
hUh = I.

The constraint further becomes: wT
uU

T
hUhwu = ∥wu∥2 =

1. Finally, the objective function becomes:

min
wu,φ

J =
∥∥∥Ũhwu

∥∥∥2
s.t. ∥wu∥2 = 1

(13)

Applying Lagrange multiplier to (13):

L =
∥∥∥Ũhwu

∥∥∥2 + λ(1− ∥wu∥2). (14)

Setting the partial derivatives to zero,

∂L

∂wu
= 2ŨT

h Ũhwu − 2λwu = 0 (15)

we have
ŨT

h Ũhwu = λwu. (16)

Premultiplying equation (16) by wT
u , we have

wT
u Ũ

T
h Ũhwu = λwT

uwu. (17)

From objective function (13), we get wT
u Ũ

T
h Ũhwu = J

and wT
uwu = 1. Therefore, J = λ and then equation (16)

becomes
ŨT

h Ũhwu = Jwu. (18)

Clearly, when wu is the eigenvector corresponding to the
smallest eigenvalue of ŨT

h Ũh, this objective function is
minimized.

To get the solution of φ and wu, we first obtain the initial
DLVs with an initialized wu. Then, φ can be estimated by
building a SAR model on DLVs, and the order of SAR model
(p, P ) can be automatically determined with the Hyndman-
Khandakar algorithm [21]. When φ is given, wu can be
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solved by the eigen-decomposition problem (18). Iterate the
above process until convergence to get the final wu and
φ. The transformation vector w can be obtained based on
Equation (9).

Following the identical procedure, subsequent DLVs can
be extracted and modeled by utilizing the deflated matrix X.

X := X− tpT (19)

where p = XT t/tT t is the loading vector. The procedure
of RDSAR-CCA is summarized in Algorithm 1.

Algorithm 1 RDSAR-CCA Algorithm
1) Standardize X to have a mean of zero and a variance
of one.
2) Perform SVD according to Equation (6) and calculate
U according to Equation (7)
3) Initialize wu as [1,1,...1]T√

rank(V)
.

4) Extracting and modeling latent variables by iterating
the following steps until convergence.

Calculate t = Uwu, th = Uhwu and choose an proper
SAR order (p, P ) with Hyndman-Khandakar algorithm on
the initial DLVs.

Estimate SAR’s parameters φ

Calculate Ũh and update wu by solving the eigen-
decomposition problem (18).

5) Deflation:

p =
XT t

tT t

X := X− tpT

6) Go back to Step 4 to obtain the next latent variable.

C. RDSAR-CCA Model Relations

Assuming there are r latent variables extracted by
RDSAR-CCA and the index j denotes the result of the j-th
DLV extraction. The following matrices are defined as:

T = [t[1] t[2] · · · t[r]]
W = [w1 w2 · · · wr]

P = [p1 p2 · · · pr]

Moreover, recuring Equation (19), we have:

X[r+1] = X−
r∑

j=1

t[j]pT
j = X−TPT (20)

which is equivalent to:

X = X[r+1] +TPT (21)

Based on the same geometric properties developed in [15],
the relation from X to T is given as:

T = XR (22)

where R = W(PTW)−1. Denote tTk as each row of latent
score matrix T. Therefore, from Equation (22), we have:

tk = RT xk. (23)

Moreover, the relation between the projection residual x̃k and
xk is given as:

xk = Ptk + x̃k. (24)

Denote Gj(B) as the latent prediction transfer function for
the j-th DLV. We can formulate them into a diagonal matrix:
G(B) = diag(G1(B), G2(B), ..., Gr(B)). The prediction of
all r latent variables is given as:

t̂k = G(B)tk = G(B)RT xk. (25)

The prediction of xk is obtained by Pt̂k and the correspond-
ing one-step prediction error can be expressed as:

ek = xk −Pt̂k = xk −PG(B)tk. (26)

III. CASE STUDY

This section aims to evaluate the efficacy of the proposed
algorithm through experimentation on a dataset collected
from the Shenzhen metro system in 2013. Shenzhen metro
system had five lines and 118 stations. The dataset was
collected from the automatic fare collection (AFC) system.
In this study, we processed the original data into 15-minute
interval passenger outflow data. The data covers 42 days,
from October 14 to November 24, 2013, between 6:00 and
23:30 daily. Therefore, there are 66 time slots in one day and
six weeks in the whole period. This time series data contains
2772 time slots as observations and 118 stations as variables.

To extract DLVs more finely, we use the k-shape clustering
method [22] to divide passenger outflows into three groups
by identifying the similarity of their dynamic patterns. There
are 37 stations divided into Group 1, 52 in Group 2, and 29
in Group 3. Fig. 1 illustrates the overlapped passenger flow
from November 11 to November 17. Group 1 showcases
a significant morning peek of passenger outflow towards
work, indicating that the included stations are around the
business area. Group 2 shows a significant evening peek of
passenger outflow towards home after work, indicating that
the included stations are around the residential area. The
passenger outflows showcase a significant daily pattern and
are classified according to their dynamic patterns.

In this study, 2310 data samples from the first five weeks
are used for extracting and modeling DLVs, while 462
samples from the last week are used for test. We apply
both DiCCA [4] and RDSAR-CCA to the same passenger
flow data. The autoregressive order of DiCCA is selected
as 17, 19, and 15 for groups 1, 2, and 3, making the
latent residuals of training data white. The order of RDSAR-
CCA (p, P ) is automatically determined by the Hyndman-
Khandakar algorithm, which is based on akaike information
criterion (AIC) [21]. As shown in Fig. 1, the daily trend
is similar to the previous one. Therefore, the season length
l is selected as 66 to capture the daily patterns in pas-
senger outflow. The determined orders of each groups are
(5, 1, 66), (7, 1, 66) and (4, 1, 66).
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Fig. 1. The overlapped passenger flow during a week.

Fig. 2. The first two DLVs of each group.

Fig. 3. The absolute value of the coefficients in P according to each
station.

Fig. 4. The extracted DLVs of Group 2 during a week and their
corresponding predictions.

Fig. 5. R2 value of each DLV in Group 2 on the testing dataset.

Passenger flow contains various underlying trends that
exhibit different seasonality and dynamics, leading to com-
plex modeling and challenging forecasting. These underlying
trends are driven by specific dynamic patterns, which show
strong dynamics. Therefore, we can extract these underlying
trends by identifying DLVs of strong dynamics. RDSAR-
CCA extracts DLVs by maximizing the correlations between
the latent variable tk and its self-prediction, representing the
strong latent dynamics in data. Fig. 2 shows the first two
DLVs extracted from each group. Compared with Fig. 1, the
first DLV indicates the underlying trends during morning and
evening rush hours, aligning with the peak performance of
each group. While the second DLV indicates the underlying
trends during non-rush hours. As shown in Fig. 3, the loading
matrix P is used to show the contribution of DLVs to
each station. Among these DLVs, DLV1 makes significant
contributions to almost every station, thus representing the
most common dynamic pattern in this group of stations.

Moreover, the passenger outflow exhibits significant sea-
sonal patterns. RDSAR-CCA models each DLV by a SAR
dynamic process, which matches the latent structure of
seasonal high dimensional time series. For instance, Fig.
4 illustrates the six extracted DLVs of Group 2 and their
corresponding predictions. The DLVs of explicit dynamics
show good predictability and exhibit evident daily patterns,
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Fig. 6. RMSE(r) on testing dataset for Group 2.

Fig. 7. Traffic flow prediction of station ’LaoJie’ on the testing dataset.

which align with the actual dynamic patterns of the data.
To verify that the DLVs are extracted in descending

order of predictability, we calculate the R2 value for each
DLV. A higher R2 value indicates better predictability. Fig.
5 illustrates the R2 value of the six DLVs extracted by
RDSAR-CCA and DiCCA on the testing data, indicating
that RDSAR-CCA extracts DLVs in descending order of pre-
dictability and outperforms DiCCA in the one-step prediction
of DLVs through considering seasonality during extraction
and modeling. Moreover, we project the predicted DLVs t̂k to
the original variable space through x̂k = Pt̂k for passenger
flow prediction of each station. The prediction error ek is

Fig. 8. Prediction error of stations in Group 1 on the testing dataset.

Fig. 9. Prediction error of stations in Group 2 on the testing dataset.

Fig. 10. Prediction error of stations in Group 3 on the testing dataset.

given in (26). We use root mean squared error (RMSE)

RMSE(r) =

√√√√ 1

N

N∑
k=1

eTk ek (27)

to indicate the efficiency of the DLV predictive model on
passenger flow prediction, where r means the number of
DLVs that are used in computing ek. As shown in Fig.
6, the RMSE(r) is always lower than that of DiCCA on
the testing data, indicating that RDSAR-CCA also achieves
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better prediction on the original passenger outflows. Besides,
RMSE(r) decreases slowly when r ≥ 6, indicating that after
extracting 6 DLVs, the principle dynamics in data are well
extracted.

For comparison, we directly apply SAR to each original
group. Their order is the same as RDSAR-CCA. The pre-
diction results of these methods in example station ’LaoJie’
are shown in Fig. 7. Fig. 7 (a)-(c) show the prediction
performance of these three methods, and Fig. 7 (d) shows
the absolute value of the prediction error. From these charts,
we can see that SAR and DiCCA always have a significant
prediction error at peak times, while the prediction perfor-
mance of RDSAR-CCA is superior to the other two methods
for the majority of the time. The prediction errors of all the
stations in each group are presented in Figs. 8, 9 and 10.
The accuracy of SAR’s predictions decreases due to making
predictions directly on the complex dynamics of passenger
outflow. DiCCA mismatches the seasonal latent structure and
fails to capture seasonal patterns, making the prediction less
accurate. RDSAR-CCA extracts DLVs of explicit dynamics
that indicate various underlying trends in passenger outflow
and models them using the SAR dynamic process. RDSAR-
CCA builds the forecasting model on reduced-dimensional
DLVs with explicit dynamics rather than the original time
series, achieving better forecasting performance in both
DLVs’ one-step prediction and the original passenger flow
prediction.

IV. CONCLUSION

In this study, a novel reduced-dimensional seasonal au-
toregressive modeling algorithm with a CCA objective is
developed for dynamic feature extraction and prediction of
high-dimensional time series with seasonality. The strong
dynamics in high-dimensional time series are explicitly ex-
tracted and represented by the reduced-dimensional DLVs.
The latent structure of the data is modeled through a
SAR process, aligning with the actual dynamics in seasonal
high-dimensional time series. Experiments on the passen-
ger flow data from the Shenzhen metro system effectively
demonstrate the superior performance of RDSAR-CCA in
model prediction accuracy and dynamic feature extraction
capability. The DLVs extracted by RDSAR-CCA reveal the
underlying trends in original passenger flow and have an
explicit dynamic model that considers the seasonal patterns
in multivariate time series.
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